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Abstract

A semiparametric extension of the GJR model (Glosten et al., 1993. Journal of Finance 48,

1779–1801) is proposed for the volatility of foreign exchange returns. Under reasonable

assumptions, asymptotic normal distributions are established for the estimators of the model,

corroborated by simulation results. When applied to the Deutsche Mark/US Dollar and the

Deutsche Mark/British Pound daily returns data, the semiparametric volatility model

outperforms the GJR model as well as the more commonly used GARCH(1; 1) model in

terms of goodness-of-fit, and forecasting, by correcting overgrowth in volatility.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

In the study of foreign exchange returns, it has been a known fact that the return
itself cannot be predicted. It is the forecasting of the returns’ volatility that is of
special interests. As a time series with zero conditional mean, the foreign exchange
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returns are conveniently modelled as a process fY tg
1
t¼0 of the form

Y t ¼ stxt; t ¼ 1; 2; . . . ,

where the fxtg
1
t¼1’s are i.i.d. random variables independent of Y 0 and satisfying

EðxtÞ ¼ 0;Eðx2t Þ ¼ 1;Eðx4t Þ ¼ m4oþ1, while fs2t g
1
t¼0 denotes the conditional

volatility series s2t ¼ varðY tjY t�1;Y t�2; . . .Þ.
Empirical evidences had led to the understanding that s2t depends on infinitely

many past returns Y t�j ; j ¼ 1; 2; . . ., with diminishing weights. The GARCH(p; q)
model of Bollerslev (1986), for example, allows the volatility function to depend on
all past observations, with geometrically decaying rate. Under the most commonly
used GARCH(1; 1) model, the s2t is expressed recursively

s2t ¼ wþ bY 2
t�1 þ as2t�1; t ¼ 1; 2; . . . ; 0oa;boaþ bo1,

which is equivalent to

s2t ¼ vðY t�1Þ þ avðY t�2Þ þ a2vðY t�3Þ þ � � � þ at�1vðY 0Þ, (1.1)

where vðyÞ � by2 þ w, is the ‘‘news impact curve’’ according to Engle and Ng (1993),
up to an additive constant.

The symmetric dependence of s2t on Y t�1;Y t�2; . . . has been questioned by many
authors. In particular, the GARCH(1; 1) model (1.1) had been extended in many
interesting directions in Engle and Ng (1993). Consider, for example, the following
form of volatility:

s2t ¼ wþ bðY 2
t�1 þ ZY 2

t�11ðY t�1o0ÞÞ þ as2t�1; t ¼ 1; 2; . . . ; 0oa;boaþ bo1

(1.2)

with an additional parameter Z 2 R. This was referred to as the GJR model in Engle
and Ng (1993), named after and discussed in details by Glosten et al. (1993). Clearly,
the case Z ¼ 0 corresponds to the GARCH(1; 1) model. In the GJR model, however,
the news impact curve, vðyÞ � bðy2 þ Zy21ðyo0ÞÞ þ w, could be asymmetric, due to the
inclusion of the parameter Z. This allows one to study the different ‘‘leverage’’ of
good news and bad news. Other parametric GARCH type models had been
proposed by Hentschel (1995) and Duan (1997).

Engle and Ng (1993) also proposed a partially nonparametric ARCH news impact
model, which essentially gives one the flexibility of having a smooth news impact
function n, not necessarily of the form in either (1.1) or (1.2) or any specific
parametric form. The proposed estimation method relied on linear spline and no
consistency or rates of convergence results were presented. Along the same line of
thoughts, there have been recent efforts to model the persistence of time series
volatility nonparametrically. For instance, Yang et al. (1999) analyzed a multi-
plicative form of volatility using nonparametric smoothing. Hafner (1998) proposed
to estimate both the smooth function n and the parameter a in the nonparametric
GARCH model by a combination of recursive kernel smoothing and backfitting.
The proposed method, however, lacks in consistency properties due to the presence
of infinitely many variables in the nonparametric estimation of function n. Carroll et
al. (2002) and Yang (2000, 2002), proposed a truncated version of the nonparametric
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GARCH model, but pays the price of restricting the dependence of s2t on
Y t�1;Y t�2; . . . to be finite. As a result, these truncated models do not have
satisfactory prediction performance.

In this paper, I extend the GARCH(1; 1) model (1.1) in a different direction.
Building on the ‘‘leverage’’ idea of the GJR model, one can introduce nonparametric
flexibility by letting the volatility be given by

s2t ¼ g
Xt

j¼1

aj�1vðY t�j ; ZÞ

( )
; t ¼ 1; 2; . . . (1.3)

for some smooth nonnegative link function g defined on Rþ ¼ ½0;þ1�, constant
a 2 ð0; 1Þ and where fvðy; ZÞgZ2H is a known family of nonnegative functions,
continuous in y and twice continuously differentiable in the parameter Z 2 H, where
H ¼ ½Z1; Z2� is a compact interval with Z1oZ2. The GJR model (1.2) then
corresponds to the special case of gðxÞ ¼ bxþ w=ð1� aÞ; vðy; ZÞ ¼ y2 þ Zy21ðyo0Þ.
If, in addition, Z ¼ 0, one has the GARCH(1; 1) model (1.1). Hence, this
semiparametric GARCH model contains both the GARCH(1; 1) and GJR as
submodels, while at the same time, the nonparametric link function g calibrates the
volatility’s relationship with Ut, the cumulative sum of exponentially weighted past
returns, as defined in (2.1). In this paper, model (1.3) is studied in full generality. In
the two real data applications, it is found that the relationship of process s2t to Ut is
not a simple linear relationship. Rather, it takes a sharp downward turn for larger
values of Ut. This correction has given the semiparametric model a clear advantage
in goodness-of-fit as well as prediction power.

The paper is organized as follows. Semiparametric estimation of both the
unknown link function g and the unknown parameter vector c ¼ ða; ZÞ are developed
in Sections 2 and 3, respectively. The performance of the estimators is illustrated by
analyzing a simulated example in Section 4 and two sets of daily foreign exchange
return data in Section 5. All technical proofs are contained in the appendix.
2. Estimation when parameters are known

Suppose for now that the parameters a; Z are known. The link function g and its
derivatives can be estimated via local polynomial of degree pX1. Specifics of such
estimation are discussed in this section.

For convenience, define

Ut ¼
Xt

j¼0

ajvðY t�j ; ZÞ; t ¼ 1; 2; . . . , (2.1)

which simplifies model (1.3) to

Y t ¼ g1=2ðUt�1Þxt; s2t ¼ gðUt�1Þ; t ¼ 1; 2; . . . , (2.2)



ARTICLE IN PRESS

L. Yang / Journal of Econometrics 130 (2006) 365–384368
while the process fUtg
1
t¼0 satisfies the Markovian equation

Ut ¼ aUt�1 þ vðg1=2ðUt�1Þxt; ZÞ; tX1. (2.3)

The next lemma establishes the basic property of the process fUtg
1
t¼0.

Lemma 1. Under Assumptions (A1)–(A4), both fUtg
1
t¼0 and fY tg

1
t¼0 are geometrically

ergodic processes. Furthermore, if the initial distribution of either fUtg
1
t¼0 or fY tg

1
t¼0 is

stationary, then the processes are also geometrically b-mixing.

Proof. Eq. (2.3) entails that

EðUtjUt�1 ¼ uÞ ¼ auþ Evðg1=2ðuÞxt; ZÞ.

In order to prove geometric ergodicity of fUtg
1
t¼0, one can apply the Theorem 3 of

Doukhan (1994) Section 2.4, p. 91. Note first that conditions (H1) and (H2) of
Doukhan’s Theorem 3 are trivially verified by Assumptions (A1) and (A2). It
remains to establish the condition (H3) of Doukhan’s. Note next that

sup
0pupa

jauþ Evðg1=2ðuÞxt; ZÞj ¼ AðaÞoþ1

for any a 2 ð0;þ1Þ which verifies the second condition of (H3). Hence one only
needs to verify the first condition of (H3), i.e., that there exists an a 2 ð0;þ1Þ and
r 2 ð0; 1Þ; �40 such that

auþ Evðg1=2ðuÞxt; ZÞorjuj � � (2.4)

for all u4a. From (A.2) in Assumption (A3), one has

auþ Evðg1=2ðuÞxt; ZÞpauþ Ejg1=2ðuÞxtj
dðc1 þ c2jZjÞ

¼ auþ Ejxtj
dgd=2ðuÞðc1 þ c2jZjÞ,

which is in turn bounded by faþmdðc1 þ c2jZjÞg0gu using (A.1) in Assumption (A3)
that gd=2ðuÞpg0u for some g0 such that g0 2 ð0; ð1� aÞm�1d ðc1 þ c2jZjÞ

�1
Þ and u

sufficiently large. Thus (2.4) is established and fUtg
1
t¼0 is geometrically ergodic. Now

Y t ¼ g1=2ðUt�1Þxt and the fact that xt is independent of Ut�1 implies the geometric
ergodicity of fY tg

1
t¼0. The conclusions on mixing follows from the same Theorem 3

of Doukhan’s. &

Based on this lemma, kernel type smoothing can be carried out with processes
fUtg

1
t¼0 and fY tg

1
t¼0, as in Härdle et al. (1998).

Now observe that

Y 2
t ¼ gðUt�1Þ þ gðUt�1Þðx

2
t � 1Þ

and so

EðY 2
t jUt�1 ¼ uÞ ¼ gðuÞ; varðY 2

t jUt�1 ¼ uÞ ¼ g2ðuÞðm4 � 1Þ.
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These are the basis for the estimation procedure proposed below. Intuitively, one has
the following Taylor expansion

gðUt�1Þ � gðuÞ þ
Xp

l¼1

ĝðlÞðuÞðUt�1 � uÞl=l! ¼ gðuÞ þ
Xp

l¼1

hl

l!
gðlÞðuÞ

Ut�1 � u

h

� �l

for every t ¼ 2; . . . ; n, where h40 is a constant varying with the sample size n

called the bandwidth. Hence the set of unknown function values fgðuÞ; gðlÞðuÞgl¼1;...;p
at a given point u can be estimated via linear least squares regression with local
weights as

fĝðuÞ; ĝðlÞðuÞgl¼1;...;p

¼ argmin
fg0;glgl¼1;...;p

Xn

t¼2

gðUt�1Þ � g0 �
Xp

l¼1

hl

l!
gl

Ut�1 � u

h

� �l
( )2

�
1

h
KfðUt�1 � uÞ=hg ð2:5Þ

in which K is a compactly supported and symmetric probability density function
called the kernel. Obviously, those Ut�1 that are farther from u will have
less contribution to the estimation of function values at u since the weight
values KfðUt�1 � uÞ=hg they receive are smaller. The resulted set of estimates
fĝðuÞ; ĝðlÞðuÞgl¼1;...;p are called local polynomial estimates of degree p, see, for
example, Fan and Gijbels (1996).

To set up proper notations, for any fixed u 2 A, where set A is defined in
Assumption (A4), define estimators

ĝðuÞ ¼ E00ðZ
0WZÞ�1Z0WV, (2.6)

ĝðlÞðuÞ ¼ l!h�lE 0lðZ
0WZÞ�1Z0WV, (2.7)

where

Z ¼
Ui � u

h

� �l
( )

1pipn�1; 0plpp

; W ¼ diag
1

n
KhðUi � uÞ

� �n�1

i¼1

,

V ¼ ðV iÞ2pipn; V i ¼ Y 2
i ; i ¼ 2; . . . ; n,

El is a (pþ 1) vector of zeros whose (lþ 1)-element is 1, p40 is an odd integer. In
the following, I denote KhðuÞ ¼ Kðu=hÞ=h and kKk22 ¼

R
K2ðuÞdu for any function K

and let K�lðuÞ be defined as in (A.7).
The following theorem shows that ĝðuÞ behaves like a standard univariate local

polynomial estimator.

Theorem 1. Under Assumptions (A1)–(A4), for any fixed u 2 A and odd p, as

nh!1; nh2pþ3
¼ Oð1Þ, the estimator ĝðuÞ defined by (2.6) satisfiesffiffiffiffiffi

nh
p
fĝðuÞ � gðuÞ � hpþ1bðuÞg!

D
Nf0; vðuÞg,
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where

bðuÞ ¼ L0;pþ1gðpþ1ÞðuÞ=ðpþ 1Þ!,

vðuÞ ¼ kK�0k
2
2ðm4 � 1Þg2ðuÞj�1ðuÞ, (2.8)

jð�Þ is the design density of U, and L0;pþ1 is defined in (A.8).

The performance of estimator ĝðuÞ is measured by its discrepancy over a compact
set A, so one needs to minimize E

R
A
fĝðuÞ � gðuÞg2jðuÞdu, where jð�Þ is the

stationary density of Ut. The next corollary follows directly from Theorem 1.

Corollary 1. The global optimal bandwidth for estimating gðuÞ is

hopt ¼
fðpþ 1Þ!g2kK�0k

2
2

R
A
ðm4 � 1Þg2ðuÞdu

2nðpþ 1ÞðL0;pþ1Þ
2
R

A
fgðpþ1ÞðuÞg2jðuÞdu

" #1=ð2pþ3Þ

. (2.9)

According to Corollary 1, if the optimal bandwidth is used, the mean squared
error of ĝðuÞ is of the optimal n�2ðpþ1Þ=ð2pþ3Þ.

For the derivatives, one has the following theorem similar to Theorem 1.

Theorem 2. Under Assumptions (A1)–(A4), for any fixed u 2 A and lX1 such that

p� l is odd, as nh2lþ1
!1; nh2pþ3

¼ Oð1Þ, the estimator ĝðlÞðuÞ defined by (2.7)
satisfies ffiffiffiffiffiffiffiffiffiffiffiffiffi

nh2lþ1
p

fĝðlÞðuÞ � gðlÞðuÞ � hpþ1�lblðuÞg!
D

Nf0; vlðuÞg,

where

blðuÞ ¼ l!Ll;pþ1gðpþ1ÞðuÞ=ðpþ 1Þ!,

vlðuÞ ¼ ðl!Þ
2
kK�lk

2
2ðm4 � 1Þg2ðuÞj�1ðuÞ. (2.10)

Note here that the variance terms vðuÞ in (2.8) and vlðuÞ in (2.10) contain the
square of the mean function g2ðuÞ instead of a general conditional variance function,
as is the case in Härdle et al. (1998). This is the main reason that the set of estimators
fĝðuÞ; ĝðlÞðuÞgl¼1;...;p is treated as a new set of estimators. A lesser reason being that the
degree of local polynomial p is allowed to be higher than 1.
3. Estimating the parameters

Suppose now that the parameter vector c ¼ ða; ZÞ is unknown. A nonlinear least
squares procedure is shown to yield estimate of c at the usual

ffiffiffi
n
p

-rate. Without loss
of generality, suppose that c lies in the interior of C ¼ ½a1; a2� � ½Z1; Z2�, where
0oa1oa2o1;�1oZ1oZ2oþ1 are boundary values known a priori.

Our approach is to go back to the estimation of function gð�Þ when c is known and
examine what occurs when one replaces c with any unknown vector c0 2 C. Consider
therefore regressing the series Vt ¼ Y 2

t on U c0;t�1, where U c0 ;t is a series analogous to
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Ut defined by

U c0;t ¼
Xt

j¼0

a0jvðY t�j; Z0Þ ¼
Xt

j¼0

a0jvðg1=2ðUt�j�1Þxt�j ; Z
0Þ,

t ¼ 1; 2; . . . ; c0 ¼ ða0; Z0Þ 2 C. ð3:1Þ

For any c0 2 C define the predictor of V t based on U c0 ;t�1

gc0 ðuÞ ¼ EðVtjU c0 ;t�1 ¼ uÞ (3.2)

and the weighted mean square prediction error

Lðc0Þ ¼ lim
t!1

EfV t � gc0 ðU c0 ;t�1Þg
2pð eUt�1Þ, (3.3)

where pð�Þ is a nonnegative and continuous weight function whose compact support
is contained in A. The series eUt dominates all the possible explanatory variables
U c0;t: jUc0 ;tjp eUt; t ¼ 1; 2; . . . ; c0 2 C and it is defined as

eUt ¼
Xt

j¼0

aj
2vðg

1=2ðUt�j�1Þxt�j;eZÞ; t ¼ 1; 2; . . . , (3.4)

where eZ is defined in Assumption (A5), (A.3). Apparently Lðc0Þ allows the usual bias-
variance decomposition

Lðc0Þ ¼ lim
t!1

EfgðUt�1Þ � gc0 ðU c0 ;t�1Þg
2pð eUt�1Þ þ ðm4 � 1Þ

� lim
t!1

Eg2ðUt�1Þpð eUt�1Þ, ð3:5Þ

which equals

lim
t!1

EfgðUt�1Þ � gc0 ðU c0;t�1Þg
2pð eUt�1Þ þ LðcÞ.

Under Assumption (A8) in the appendix, Lðc0Þ has a unique minimum point at c and
is locally convex. Thus by minimizing the prediction error of V t ¼ Y 2

t on U c0 ;t�1, one
should be able to locate the true parameter c consistently.

For each u 2 A; c0 2 C, define now the following estimator of gc0 ðuÞ:

ĝc0 ðuÞ ¼ E00ðZ
0
c0W c0Zc0 Þ

�1Z0c0W c0V, (3.6)

where

Zc0 ¼
U c0 ;i � u

h

� �l
( )

1pipn�1; 0plpp

; W c0 ¼ diag
1

n
KhðU c0 ;i � uÞ

� �n�1

i¼1

.

Define next the estimated function

L̂ðc0Þ ¼
1

n

Xn

i¼2

fV i � ĝc0 ðU c0;i�1Þg
2pð eUi�1Þ (3.7)

and let ĉ be the minimizer of the function L̂ðcÞ, i.e.

ĉ ¼ arg min
c02C

L̂ðc0Þ. (3.8)
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Theorem 3. Under Assumptions (A1)–(A8), if h�n�r for some r 2 ð1=2ðpþ 1Þ; 1=5Þ,
then as n!1, the ĉ defined by (3.8) satisfiesffiffiffi

n
p
ðĉ� cÞ ! Nð0; fr2LðcÞg�1Sfr2LðcÞg�1Þ, (3.9)

where

S ¼ 4ðm4 � 1ÞE½g2ðU1Þp2ð eU1Þfrgc0 ðU c0 ;1Þgfrgc0 ðU c0;1Þg
Tjc0¼c�. (3.10)

Thus, the true parameter vector c ¼ ða; ZÞ can be estimated by ĉ at
ffiffiffi
n
p

-rate. One
can then use the estimate ĉ in place of the unknown c for the estimation of function
g. In the next two sections, I present some numerical evidence of how the proposed
procedures work for both simulated and real time series.
4. Simulation

To investigate the finite-sample precision of the proposed estimator, I have
applied the procedure to time series data generated according to (1.3) with
a ¼ 0:5; Z ¼ 0:1;C ¼ ½0:4; 0:6� � ½0; 0:2�, and functions

gðuÞ ¼ 0:1ð2uþ 1Þ=ð1� aÞ, (4.1)

vðy; ZÞ ¼ y2 þ Zy21ðyo0Þ. (4.2)

Notice that the data generating process actually follows the GJR model (1.2), hence
possesses all the known theoretical properties of GJR model presented in Glosten et
al. (1993). In particular, it is trivial to verify all the assumptions listed in the
appendix.

For sample sizes n ¼ 400; 800; 1600, a total of 100 realizations of length nþ 400
are generated according to model (1.3), with functions gðuÞ as in (4.1) and vðy; ZÞ as in
(4.2). For each realization, the last n observations are kept as our data for inference.
Truncating the first 400 observations off the series ensures that the remaining series
behaves like a stationary one. Estimation of the function g is carried out according to
the setups described in Sections 2 and 3, using local linear estimation (i.e., setting
p ¼ 1) and a rule-of-thumb plug-in bandwidth as described in Yang and Tschernig
(1999). The sample sizes used in this simulation may seem rather large, but I point to
the fact that the two real data sets used in the next section are both larger than the
data sets for simulation.

In Fig. 1, I have overlaid the 100 function estimates ĝðuÞ with the true func-
tion gðuÞ on the same scale, for all sample sizes. The plots show that the estimated
ĝðuÞ always has an unmistakably linear shape and clearly converges to the true
function gðuÞ as the sample size increases, corroborating the asymptotics in Theorem
1. In Section 5, when the estimated function ĝðuÞ shows a clearly nonlinear shape for
a real data set, the semiparametric GARCH model is decidedly preferred over the
GJR model.
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Fig. 1. Plots of the 100 Monte Carlo estimates ĝðuÞ of the function gðuÞ in the semiparametric GARCH

model: (a) sample size n ¼ 400; (b) sample size n ¼ 800; (c) sample size n ¼ 1600. The true function gðuÞ is

plotted as the solid thick line while estimates are plotted as dashed lines.
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5. Applications

In this section, I compare the goodness-of-fit of three models to the daily returns
of Deutsche Mark against US Dollar (DEM/USD), and Deutsche Mark against
British Pound (DEM/GBP) from January 2, 1980 to October 30, 1992. Both data
sets consist of n ¼ 3212 observations. The three models are: the semiparametric
GARCH model (1.3); the GJR model obtained from (1.3) by setting the function g

to be linear; the GARCH(1; 1) model obtained from (1.3) by setting the function g to
be linear and the parameter Z to be 0.

In analyzing the two data sets, a process fU c0 ;tg
3212
t¼1 is generated for every

parameter value c0. To have all such processes as close to strict stationarity as
possible, I use only the last half for inference. Hence all estimation of parameters and
function is done using fU c0;tg

3212
t¼1607 and fV tg

3212
t¼1607. The parameter estimate ĉ is first

obtained according to Theorem 3 of Section 3. In the second step, following
Theorem 1, local linear estimation is used, but with an undersmoothing bandwidth
h ¼ hROT=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðn=2Þ

p
, where hROT is the rule-of-thumb optimal bandwidth, as

described in Yang and Tschernig (1999). This bandwidth is called undersmoothing
because h ¼ oðhoptÞ with the optimal bandwidth hopt as given in (2.9), yet it still
satisfies the requirements of Theorem 1. Such undersmoothing technique is
commonly used for obtaining nonparametric confidence intervals. It ensures that
the bias term hpþ1bðuÞ in Theorem 1 is negligible and one can construct pointwise
95% confidence interval of gðuÞ as

ĝðuÞ 	 z0:975

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kK�0k

2
2ðm4 � 1Þĝ2

ðuÞ

ĵðuÞnh

s
,

where z0:975 ¼ 1:96, ĝðuÞ is based on local linear estimation described above and ĵðuÞ
is an ordinary kernel density estimator with the rule-of-thumb bandwidth defined by
Silverman (1986), p. 86–87. The volatility forecasts are then ŝ2t ¼ ĝĉðU ĉ;tÞ;
t ¼ 1607; . . . ; 3212, while the residuals are calculated as x̂t ¼ Y t=ŝt; t ¼ 1607; . . . ;
3212. For the two parametric models, the forecasts and residuals are computed
similarly.

In Tables 1 and 2, the goodness-of-fit is compared for all three modelling methods,
in terms of volatility prediction error and the log-likelihood, which are calculated
respectively as

P3212
t¼1607 ðY

2
t � ŝ2t Þ

2=1606 and �ð1=2Þ
P3212

t¼1607 fY
2
t =ŝ

2
t þ lnðŝ2t Þg=1606.

Clearly, the semiparametric method has an edge over the two parametric models in
Table 1

Fitting the DEM/USD returns, all three models have â ¼ 0:88

Fitted model Log-likelihood Volatility prediction error

GARCH(1; 1) �0:15678287 0.66679410

GJR �0:15663672 0.66615086

Semi. GARCH �0:15084264 0.65293253
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Table 2

Fitting the DEM/GBP returns, the GARCH(1; 1) model has â ¼ 0:80, the GJR model has â ¼ 0:82 while

the semiparametric GARCH has â ¼ 0:83

Fitted model Log-likelihood Volatility prediction error

GARCH(1; 1) 0.52314098 0.10452587

GJR 0.52335277 0.10397757

Semi. GARCH 0.53066411 0.099472033

Table 3

Fitting the DEM/USD returns, frequencies of autocorrelation functions (ACFs) of the absolute residuals

jx̂tj that exceed the 95% confidence bound of 1:96=
ffiffiffiffiffiffiffiffiffiffi
1606
p

vs. the same for a random normal sample of the

same size

ACF up to lag jx̂tj;Zt jx̂tj
2;Z2

t jx̂tj
3;Z3

t jx̂tj
4;Z4

t

100 0:04; 0:09 0:05; 0:06 0:08; 0:05 0:08; 0:05
200 0:05; 0:065 0:035; 0:04 0:06; 0:035 0:06; 0:035
300 0:04; 0:06 0:03; 0:037 0:04; 0:033 0:043; 0:047

Table 4

Fitting the DEM/GBP returns, frequencies of autocorrelation functions (ACFs) of the absolute residuals

jx̂tj that exceed the 95% confidence bound of 1:96=
ffiffiffiffiffiffiffiffiffiffi
1606
p

vs. the same for a random normal sample of the

same size

ACF up to lag jx̂tj;Zt jx̂tj
2;Z2

t jx̂tj
3;Z3

t jx̂tj
4;Z4

t

100 0:08; 0:09 0:05; 0:06 0:05; 0:05 0:01; 0:05
200 0:055; 0:065 0:04; 0:04 0:05; 0:035 0:025; 0:035
300 0:053; 0:06 0:037; 0:037 0:043; 0:033 0:027; 0:047
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terms of prediction error and log-likelihood. One can see from these tables that the
improvement of the semiparametric model over the GJR model in terms of
prediction error is much greater than that of the GJR model over the GARCH(1; 1)
model. This phenomenon suggests that the leverage effects of the GJR model can be
further enhanced by a nonlinear link function g to yield a much better volatility fit.
For diagnostic purpose, the autocorrelation functions are also calculated for the
absolute powers of residuals based on the semiparametric model. In Tables 3 and 4,
the frequencies of the ACF exceeding the significance limits are shown, and they are
close enough for the residual absolute powers and for independent normal random
samples, and hence one is reasonably sure that there is very little if any dependence
left in the residuals. Further evidence of the residuals’ randomness is provided in
Table 5, where p-values are listed for the Ljung–Box and McLeod–Li tests of the
semiparametric GARCH residuals. All p-values are larger than 0:1, and hence there
is no evidence of any serial dependence in the residuals.
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Table 5

Significance probabilities of Portmanteau tests on the residuals of the semiparametric GARCH model

Lag LB for DEM/USD ML for DEM/USD LB for DEM/GBP ML for DEM/GBP

20 0.684 0.673 0.109 0.714

30 0.472 0.665 0.229 0.881

40 0.262 0.252 0.272 0.978

LB: Ljung–Box tests, ML: McLeod–Li tests.
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Fig. 2. Semiparametric GARCH modelling of DEM/USD daily returns: (a) residuals; (b) QQ plot of the

residuals; (c) estimated function g for the semiparametric GARCH model with 95% confidence limits

(solid curves) and the estimated linear functions g for the GARCH(1; 1) and GJR models (the dash lines);

(d) the 95% prediction limits of the 100 squared daily returns, Vt ¼ Y 2
t ; t ¼ 1607; . . . ; 1706 (solid line). The

predicted volatility, lower and upper limits, are ĝĉðU ĉ;tÞ, ĝĉðU ĉ;tÞQ̂0:025 and ĝĉðU ĉ;tÞQ̂0:975; t ¼
1607; . . . ; 1706 respectively (dotted lines).
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Fig. 2 represents graphically the fit to DEM/USD, where (a) shows the
standardized residuals, which seem to have a heavy-tailed distribution as one can
observe in the normal quantile plot in (b). The estimated functions ĝĉ with pointwise
confidence intervals are overlaid in (c), showing that the semiparametric estimator
behaves similarly to its parametric counterparts for smaller values of U ĉ;t, but has a
clear correction effect with higher values of U ĉ;t, with the two straight lines outside
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the confidence limits. This implies that the maximum amount of volatility is reached
not with the highest U ĉ;t, as the two parametric models suggest. Rather, the volatility
reaches its peak and then takes a straight dip. This gives a second reason why the
semiparametric model is preferred, in addition to the optimal prediction power.
Denote by Q̂a the ath quantile of all the residual squares x̂

2

t ; t ¼ 1607; . . . ; 3212.
Pointwise 95% prediction intervals are constructed for the 100 squared returns
fV t ¼ Y 2

t g
1706
t¼1607 as ½ĝĉðU ĉ;tÞQ̂0:025; ĝĉðU ĉ;tÞQ̂0:975�, and one sees from (d) that all the

100 squared returns fall into their respective intervals. For the whole set of squared
returns fVt ¼ Y 2

t g
3212
t¼1607, the percentage of Vt’s that fall outside their own prediction

intervals is 0:051. Similar phenomenon is also observed for the DEM/GBP data.
In summary, the semiparametric model can fit the volatility dynamic of daily

foreign exchange returns much better than the parametric models, by curtailing the
overgrowth of volatility. One has good reasons to believe that this model superiority
will also hold when modelling other types of volatility with geometric rate of decay
and possible leverage effects.
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Appendix A

The following assumptions are used:
A1:
 The random variable x1 has a continuous density function which is positive
everywhere.
A2:
 The link function gð�Þ is positive everywhere on Rþ and has Lipschitz continuous
ðpþ 1Þth derivative.
A3:
 There exist constants d; c1; c240 such that

lim sup
u!þ1

gd=2ðuÞ=u ¼ g0 2 0;
1� a

mdðc1 þ c2jZjÞ

� �
(A.1)

where md ¼ Ejx1j
do1 and that for every a40

Evðax1; ZÞpadmdðc1 þ c2jZjÞ. (A.2)
A4:
 The variable Ut has a stationary density jð�Þ which is Lipschitz continuous and
satisfy infu2A jðuÞ40, where A is a compact subset of R with nonempty interior.
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A5:
 There exists a eZ 2 H such that for any y 2 R

vðy;eZÞ ¼ max
Z2H

vðy; ZÞ (A.3)

and that

lim sup
u!þ1

gd=2ðuÞ=u ¼ g0 2 0;
1� a2

mdfc1 þ c2jeZjg
� �

. (A.4)
The next lemma establishes the ergodicity and mixing properties of the family of
processes fðUt;U c0 ;t; eUtÞgtX1:

Lemma A.1. Under Assumptions (A1)–(A5), processes fðUt;U c0;t; eUtÞgtX1, c0 2 C are

uniformly geometrically ergodic and f-mixing: there exists a constant r 2 ð0; 1Þ such

that

kPk
c0 ð:ju; uc0 ; euÞ � Pk

c0 ð:ju
0; u0c0 ; eu0ÞkVarp2rk; kPk

c0 ð:ju; uc0 ; euÞ � pc0 ð:ÞkVarp2rk

(A.5)

for all u; uc0 ; eu; u0; u0c0 ; eu0 2 Rþ; k ¼ 1; 2; . . . ; c0 2 C, where Pk
c0 ð:ju; uc0 ; euÞ is the probability

measure of ðUkþ1;U c0 ;kþ1; eUtÞ conditional on U1 ¼ u;U c0 ;1 ¼ uc0 ; eUt ¼ eu, pc0 ð:Þ the

stationary distribution of fðUt;U c0;t; eUtÞgtX1, and k � kVar denotes the total variation

distance. Consequently, the conditional distribution of ðUt;U c0 ;t; eUtÞ converges to pc0 in

total variation at the rate of 2rt and its f-mixing coefficient ftp2rt, regardless of its

initial distribution and the parameter value c0 2 C.

Proof. See the downloadable manuscript Yang (2004), pp. 11–12 for complete
proof. &

Eq. (A.5) is very useful as it allows one to obtain the asymptotics of
function L̂ðc0Þ uniformly for all c0 2 C. This then allows the use of L̂ðc0Þ as an
uniform approximation of Lðc0Þ and establishes the consistency of ĉ as an
estimator of c. For this scheme to work, one needs the following assumptions
as well:
A6:
 The processes fðUt;U c0 ;t; eUtÞgtX1 have stationary densities jðu; uc0 ; euÞ, and there
are constants m and M such that 0ompjc0 ðuÞpMo1; u 2 A; c0 2 C where
jc0 ð�Þ is the marginal stationary density of U c0 ;t.
A7:
 The functions gc0 ðuÞ; c
0 2 C defined in (3.2) satisfy supc02C supu2A jg

ðpþ1Þ
c0 ðuÞjoþ

1 while the process fY tg
1
t¼0 satisfies E expfajY tj

rgoþ1 for some constants
a40 and r40.
A8:
 The function Lðc0Þ has a positive definite Hessian matrix at its unique minimum
c and is locally convex: there is a constant C40 such that Lðc0ÞXLðcÞ þ Ckc0 �

ck2; c0 2 C where k � k is the Euclidean norm.
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Denote mrðKÞ ¼
R

urKðuÞdu and let ðsll0 Þ0pl; l0pp ¼ S�1 where the matrix S is
defined as

S ¼ fmlþl0 ðKÞg0pl; l0pp ¼

m0ðKÞ 0 m2ðKÞ � � � 0

0 m2ðKÞ 0 � � � mpþ1ðKÞ

m2ðKÞ 0 . .
.

� � � 0

..

. ..
. ..

. . .
. ..

.

0 mpþ1ðKÞ 0 � � � m2pðKÞ

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
. (A.6)

Define next the equivalent kernel

K�lðuÞ ¼
Xp

l0¼0

sll0u
l0KðuÞ; l ¼ 0; 1; . . . ; p. (A.7)

Note here by the definition of matrix S, K�lðuÞ satisfies the following moment
equation:

Z
K�lðuÞu

l00 du ¼

1 l00 ¼ l;

0 0pl00pp; l00al;

Ll;pþ1 l00 ¼ pþ 1;

8><>: (A.8)

where Ll;pþ1 is a nonzero constant, see Fan and Gijbels (1996) p. 64. Note also by
definition that

S�1Z0c0W c0 ¼
1

njc0 ðuÞ

K�0;hðU c0;1 � uÞ � � � K�0;hðU c0;n�1 � uÞ

..

. . .
. ..

.

K�p;hðU c0;1 � uÞ � � � K�p;hðU c0;n�1 � uÞ

8>>><>>>:
9>>>=>>>;. (A.9)

Lemma A.2. Under Assumptions (A1)–(A6), as n!1

Z0c0W c0Zc0 ¼ jc0 ðuÞSfI þ opð1Þg (A.10)

and therefore

ðZ0c0W c0Zc0 Þ
�1
¼ jc0 ðuÞ

�1S�1fI þ opð1Þg (A.11)

uniformly for all c0 2 C.

Proof. See Fan and Gijbels (1996) p. 64. In addition, for the uniformity of
convergence, one uses Lemma A.1. &

Proof of Theorems 1 and 2. By definition

ĝðlÞðuÞ ¼ l!h�lE 0lðZ
0WZÞ�1Z0WV ¼ l!h�lE0lðZ

0
cWZcÞ

�1Z0cWV
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as the true parameter vector equals c. By definition of the matrices, for a fixed l

E0lðZ
0
cWZcÞ

�1Z0cWZcEl ¼ 1; E0lðZ
0
cWZcÞ

�1Z0cWZcEl0 ¼ 0,

0pl0pp; l0al

so

ĝðlÞðuÞ � gðlÞðuÞ ¼ l!h�lE 0lðZ
0
cWZcÞ

�1Z0cWV� gðlÞðuÞE0lðZ
0
cWZcÞ

�1Z0cWZcEl

�
X

l0X0; l0al

l!
l0!

gðl
0
ÞðuÞhl0E0lðZ

0
cWZcÞ

�1Z0cWZcEl0 .

Applying (A.11), the above equals

¼ I1 þ I2,

where

I1 ¼
l!

njðuÞhl

Xn�1
i¼1

K�l;hðUi � uÞ gðUiÞ �
Xp

l0¼0

1

l0!
gðl
0
ÞðuÞðUi � uÞl

0

( )
f1þ opð1Þg,

I2 ¼
l!

njðuÞhl

Xn�1
i¼1

K�l;hðUi � uÞgðUiÞðx
2
iþ1 � 1Þf1þ opð1Þg

by (A.9). Note next that

l!

njðuÞhl

Xn�1
i¼1

K�l;hðUi � uÞ gðUiÞ �
Xp

l0¼0

1

l0!
gðl
0
ÞðuÞðUi � uÞl

0

( )

¼
l!

jðuÞhl

Z
K�l;hðU � uÞ

Xd

a¼1

caðcÞ gðUÞ �
Xp

l0¼0

1

l0!
gðl
0
ÞðuÞðU � uÞl

0

( )
�jðUÞdUf1þ opð1Þg,

which, by a change of variable U ¼ uþ hv, becomes

l!

jðuÞhl

Z
K�lðvÞ gðuþ hvÞ �

Xp

l0¼0

1

l0!
gðl
0
ÞðuÞhl0vl

0

( )
jðuþ hvÞdvf1þ opð1Þg

¼
l!

jðuÞhl jðuÞ
hpþ1

ðpþ 1Þ!
gðpþ1ÞðuÞ

Z
K�lðvÞv

pþ1 dvf1þ opð1Þg,

which yields

I1 ¼
l!Ll;pþ1gðpþ1ÞðuÞ

ðpþ 1Þ!
hpþ1�l

þ opðh
pþ1�l
Þ ¼ hpþ1�lblðuÞ þ opðh

pþ1�l
Þ. (A.12)
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On the other hand, using martingale central limit theorem as in Härdle et al.
(1998), the term I2 is asymptotically normal, with variance

ðl!Þ2ðm4 � 1Þ

nj2ðuÞh2l

Z
fK�l;hðU � uÞgðUÞg2jðUÞdUf1þ opð1Þg,

which, by a change of variable U ¼ uþ hv, becomes

ðl!Þ2ðm4 � 1ÞkK�lk
2
2g2ðuÞ

nh2lþ1jðuÞ
f1þ opð1Þg ¼

1

nh2lþ1 vlðuÞf1þ opð1Þg. (A.13)

Combining (A.12) and (A.13), we have finished the proof of (2.10). &

The proof of Theorem 3 makes use of the following technical lemma:

Lemma A.3. Under Assumptions (A1)–(A7), for k ¼ 0; 1; 2, as n!1

sup
c02C
jrðkÞL̂ðc0Þ � rðkÞLðc0Þj ¼ O hpþ1�k

þ
ffiffiffiffiffi
nh
p� ��1

h�k log n

� �
a.s. (A.14)

Proof. I illustrate the case of k ¼ 0, the other cases involve more cumbersome
notations but are essentially the same steps. For any u 2 A

ĝc0 ðuÞ � gc0 ðuÞ ¼ I1ðuÞf1þ a1ðuÞg þ I2ðuÞf1þ a2ðuÞg,

where

I1ðuÞ ¼
1

njðuÞ

Xn�1
i¼1

K�0;hðU c0 ;i � uÞ gc0 ðU c0;iÞ � gc0 ðuÞ �
Xp

l0¼1

1

l0!
g
ðl0Þ
c0 ðuÞðU c0 ;i � uÞl

0

( )
,

I2ðuÞ ¼
1

njðuÞ

Xn�1
i¼1

K�0;hðU c0 ;i � uÞfViþ1 � gc0 ðUc0 ;iÞg

by (A.9), where supc02C fsupu2A ja1ðuÞj þ supu2A ja2ðuÞjg ! 0 in probability, accord-
ing to Lemma A.2. It is clear from the proof of (A.12) and the first half of
Assumption (A7) that

sup
c02C

sup
u2A

jI1ðuÞjpChpþ1 sup
c02C

sup
u2A

jg
ðpþ1Þ
c0 ðuÞj ¼ Oðhpþ1

Þ a:s.

Using Theorem 3.2, p. 73 of Bosq (1998), and second half of Assumption (A7), one
has also

sup
c02C

sup
u2A

jI2ðuÞj ¼ O
ffiffiffiffiffi
nh
p� ��1

log n

� �
a:s.

Putting all these together, one has

sup
c02C

sup
u2A

jgc0 ðuÞ � ĝc0 ðuÞj ¼ O hpþ1
þ

ffiffiffiffiffi
nh
p� ��1

log n

� �
a:s.
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Next one notes that L̂ðc0Þ apparently allows the following decomposition:

L̂ðc0Þ ¼
1

n

Xn�1
i¼1

fViþ1 � gc0 ðU c0;iÞ þ gc0 ðU c0;iÞ � ĝc0 ðU c0 ;iÞg
2pð eUiÞ

and the fact that pð eUiÞ40 implies that U c0 ;i 2 A, so

sup
c02C

L̂ðc0Þ � Lðc0Þ ¼ O hpþ1
þ

ffiffiffiffiffi
nh
p� ��1

log n

� �
a:s: &

Proof of Theorem 3. The almost sure convergence of stochastic function L̂ðc0Þ to the
deterministic function Lðc0Þ uniformly for all c0 2 C, with the usual application of the
Borel–Cantelli Lemma, establishes that ĉ! c a.s.

Because L̂ðc0Þ is a second order smooth function, one has rL̂ðĉÞ ¼ 0 and hence for
some ec1;ec2 between ĉ and c

rL̂ðcÞ ¼ rL̂ðcÞ � rL̂ðĉÞ ¼
ðq2=qa2ÞL̂ðec1Þ ðq2=qaqZÞL̂ðec1Þ
ðq2=qaqZÞL̂ðec2Þ ðq2=qZ2ÞL̂ðec2Þ

0@ 1Aðc� ĉÞ

¼ Aðc� ĉÞ,

which means

ĉ� c ¼ �A�1rL̂ðcÞ. (A.15)

Since ĉ is strong consistent, ec1;ec2 are between ĉ and c, and

sup
c02C
jr2L̂ðc0Þ � r2Lðc0Þj ¼ O hp�1

þ
ffiffiffiffiffi
nh
p� ��1

h�2 log n

� �
¼ oð1Þ a:s.

According to (A.14), one concludes that A�1! fr2LðcÞg�1 almost surely. For any
real numbers a and b, one has

a
q
qa

L̂ðcÞ þ b
q
qZ

L̂ðcÞ ¼ I1 þ I2 þ I3 þ I4,

where

I1 ¼
2

n

Xn�1
i¼1

fgðUiÞ � ĝðUiÞg a
q
qa
þ b

q
qZ

� �
fĝc0 ðU c0 ;iÞ � gc0 ðU c0;iÞgjc0¼cpð eUiÞ,

I2 ¼
2

n

Xn�1
i¼1

gðUiÞðx
2
iþ1 � 1Þ a

q
qa
þ b

q
qZ

� �
fĝc0 ðU c0;iÞ � gc0 ðU c0 ;iÞgjc0¼cpð eUiÞ,

I3 ¼
2

n

Xn�1
i¼1

fgðUiÞ � ĝðUiÞg a
q
qa
þ b

q
qZ

� �
gc0 ðU c0 ;iÞjc0¼cpð eUiÞ,

I4 ¼
2

n

Xn�1
i¼1

gðUiÞðx
2
iþ1 � 1Þ a

q
qa
þ b

q
qZ

� �
gc0 ðU c0;iÞjc0¼cpð eUiÞ.
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It remains to show that

jI1j þ jI2j þ jI3j ¼ opðn
�1=2Þ;

ffiffiffi
n
p

I4! N 0; ð a b ÞS
a

b

� �� �
, (A.16)

where S is defined as in (3.10). Wald device and (A.16) entail that L̂ðcÞ ! Nð0;SÞ,
which, together with (A.15) and the limit of A, establishes the limiting distribution of
ĉ� c as in Theorem 3.

Note first that the ith summand in I4 is

zi ¼ 2gðUiÞðx
2
iþ1 � 1Þ a

q
qa
þ b

q
qZ

� �
gc0 ðUc0 ;iÞjc0¼cpð eUiÞ

and fzig
n�1
i¼1 forms a martingale with respect to the s-field sequence Ft ¼ sfðUi;

U c0;i; eUiÞg
t
i¼1; t ¼ 1; . . . ; n� 1. By the martingale central limit theorem of Liptser and

Shirjaev (1980), has asymptotic normal distribution with mean zero and variance as

4

n
E gðU1Þðx

2
2 � 1Þ a

q
qa
þ b

q
qZ

� �
gc0 ðU c0 ;1Þjc0¼cpð eU1Þ

� �2

¼
4ðm4 � 1Þ

n
E gðU1Þ a

q
qa
þ b

q
qZ

� �
gc0 ðU c0;1Þjc0¼cpð eU1Þ

� �2

¼
1

n
ð a b ÞS

a

b

 !
.

According to (A.14), the term I1 is bounded by

Op hpþ1
þ

ffiffiffiffiffi
nh
p� ��1

log n

� �
Op hp

þ
ffiffiffiffiffi
nh
p� ��1

h�1 log n

� �
¼ opðn

�1=2Þ.

By applying Lemmas 2 and 3 of Yoshihara (1976) for degenerate U-statistics of
geometrically mixing series, the term I2 is bounded by Opðh

pn�1=2 þ n�1h�1=2h�1

log nÞ ¼ opðn
�1=2Þ, the verification is routine.

The term I3 equals, up to a term of order Opðh
pþ1
þ h log n=

ffiffiffi
n
p
Þ, the following:

2

n

Xn�1
i¼1

1

njðuÞ

Xn�1
j¼1

K�0;hðUj �UiÞ gðUjÞ � gðUiÞ �
Xp

l¼1

1

l!
gðlÞðUiÞðUj �UiÞ

l

( )

� a
q
qa
þ b

q
qZ

� �
gc0 ðUc0 ;iÞjc0¼cpð eUiÞ

þ
2

n

Xn�1
i¼1

1

njðuÞ

Xn�1
j¼1

K�0;hðUj �UiÞgðUjÞðx
2
jþ1 � 1Þ

( )

� a
q
qa
þ b

q
qZ

� �
gc0 ðUc0 ;iÞjc0¼cpð eUiÞ

¼ Opðh
pþ1
Þ þ Z,
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where

Z ¼
2

n

Xn�1
i¼1

1

njðuÞ

Xn�1
j¼1

K�0;hðUj �UiÞgðUjÞðx
2
jþ1 � 1Þ

( )

� a
q
qa
þ b

q
qZ

� �
gc0 ðU c0;iÞjc0¼cpð eUiÞ.

Applying again the Lemmas 2 and 3 of Yoshihara (1976), one obtains that
Z ¼ Opðn

�1h�1=2Þ ¼ opðn
�1=2Þ. Hence one concludes that I3 ¼ opðn

�1=2Þ. &
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