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A smooth kernel estimator is proposed for multivariate cumulative distribution functions (cdf), extending
the work of Yamato [H. Yamato, Uniform convergence of an estimator of a distribution function, Bull.
Math. Statist. 15 (1973), pp. 69-78.] on univariate distribution function estimation. Under assumptions
of strict stationarity and geometrically strong mixing, we establish that the proposed estimator follows
the same pointwise asymptotically normal distribution of the empirical cdf, while the new estimator is a
smooth instead of a step function as the empirical cdf. We also show that under stronger assumptions the
smooth kernel estimator has asymptotically smaller mean integrated squared error than the empirical cdf,
and converges to the true cdf uniformly almost surely at a rate of (n~!/? logn). Simulated examples are
provided to illustrate the theoretical properties. Using the smooth estimator, survival curves for US gross
domestic product (GDP) growth are estimated conditional on the unemployment growth rate to examine
how GDP growth rate depends on the unemployment policy. Another example of gold and silver price
returns is given.

Keywords: bandwidth; Berry—Esseen bound; GDP; gold price return; kernel; mean integrated squared
error; rate of convergence; silver price return; strongly mixing; survival function; unemployment rate

1. Introduction

The estimation of probability density functions (pdf) and cumulative distribution functions (cdf)
occupies a central place in applied data analysis in the social sciences. While many statisticians and
econometricians are familiar with various smooth nonparametric estimators of pdf, the smooth
estimation of cdf has not been investigated as much, see Li and Racine [1], Sections 1.4 and
1.5. To properly define the problem, let {X; = (X;i, ..., X;a)T}?_, be a geometrically «-mixing
and strictly stationary sequence of d-dimensional variables, with a common pdf f € C?TD(R?)
and cdf F € C?T¥+D(R4), in which p is an odd integer. Traditionally, F is estimated by the
empirical cdf F (x) =n"' Y| I{X; < x}, whose theoretical properties have been well known.

One obvious drawback of F is that it is a step function even when the true cdf F is smooth.
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Yamato [2] proposed a smooth estimator of F' by integrating a kernel density estimator of the
density f. To be precise, define the following kernel estimator of F

F(x) = F,(x) = / fwdu=n"" Z/ Kn(X; —u)du, Vx e R? (1)
- =177
where f (u) is the standard d-dimensional kernel density estimator (kde) of f(u) (see [3])

R n d 1 .
f@=n"Y KnX; —uw), Ky =]] K (Z—) cow= (g, ug)t

i=1 a=1

in which h = (h,...,hy)" are positive numbers depending on the sample size n, called
bandwidths.

Theoretical properties of F (x) as an estimator of the unknown true distribution function F (x)
have been investigated by several authors for the case of d = 1 and under i.i.d assumptions, see
e.g. Yamato [2], Reiss [4], Falk [5] and more recently Cheng and Peng [6]. For feasible econometric
applications of univariate kernel estimation of cdf, such as to the testing of stochastic dominance,
see Li and Racine [1, p. 23] and the references therein.

In this paper, we examine under strong mixing assumption and for arbitrary dimension d, the
local property of F (x) in terms of pointwise asymptotic distribution and its global property in
terms of mean integrated squared error (MISE) and maximal deviation. We have (1) proven that
the smooth estimator F'(x) behaves asymptotically similar to the empirical cdf F (x) at any point x,
(2) obtained its asymptotic mean integrated squared error (AMISE) and (3) established its uniform
almost sure convergence rate.

The paper is organised as follows. In Section 2, we give Theorems 1, 2 and 3, the main results on
pointwise, MISE and uniform asymptotics. In Section 3, we describe a data-driven rule to select
the asymptotically optimal bandwidth vector h, which makes the MISE of F asymptotically
smaller than that of the empirical cdf F according to Theorem 5, another compelling reason that
Fis preferable over F other than smoothness. In Section 4, we present Monte Carlo evidence that
corroborates with the theory and illustrates the use of F with two real data examples. The first
real data example illustrates the stochastic dependence of gross domestic product (GDP) growth
rate on the unemployment growth rate in the US economy. The second example shows that gold
and silver are substitute goods and their prices are strongly associated. All technical proofs are in
the Appendix.

2. Asymptotic results

Throughout this paper, we denote
hmax = max(hy, ..., hg), hpoa =h1 X -+ X hy

and for any x € R, K(x) = ffooK(u)du, and K(x) = HZ:I K (xq) for any vector X =
(x1,...,x4)T. Then I%(x) = 0 unless x > —1 and IZ(X) = 1 if x > 1, where for any two vec-
tors X = (x1, ..., x), y= 1, ..., y)T, x>y if and only if x4 > y,,Ya =1,...,d. It is
easily verified that fll K (w)dw = 1. We also denote Upt1(K) = fll K@) u?t'du, D(K) =
1-— fjl I%z(w)dw. For any vector x = (x, .. ., x)T and Ya =1, ...,d, we denote X o=
(X1, .o Xa—1, Xasl, . - - Xq)" and with slight abuse of notation, write X = (X, X_O,)T.
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We next list some basic assumptions.

(A1) The cumulative distribution function F € CPT4+D(RY) inwhich p is an odd integer, while
all (p + d + 1)-th partial derivatives of F belong to L1(R?) and maxycge | f(x)| < C.

(A2) There exist positive constants Ko and Ly such thata (k) < Koexp (—Aok) holds for all k,
where the kth order strong mixing coefficient of the strictly stationary process {X;}2 _ is
defined as

ak) = sup [P(BNC)— P(B)P(C)|, k=>1.
Beo{X;,s<t},Ceo{X;,s>t+k}

(A3) Asn — 00, nhpoq — 00, N2 hyeq/(logn)'/? + n'2pEEl 5 0.
(A4) The univariate kernel function K (-) is of (p + 1)-th order, supported on [—1, 1], Lipschitz
continuous.

Assumptions (A1)—(A4) are all typical conditions in time series smoothing literature, see Bosq
[7, Chap. 2] for similar or even stronger assumptions. Elementary arguments show that D(K) > 0
under Assumption (A4).

The following theorem concerns the asymptotic distribution of F given in Equation (1) at any
x € R4,

THEOREM 1 Under Assumptions (A1)—(A4), Vx € R asn — oo

VnV-1®) (F(x) — F(X)) —>4 N(O, 1),

where
o0

Ve = Yy, vy =ENX <x}{Xiy <x} — F(x).

[=—00

Theorem 1 shows that the smooth estimator F(x) has asymptotically the same distribution as
the empirical cdf F (x). In particular, fori.i.d. process {X}° _, the asymptotic variance function
V (x) reduces to the more familiar form of y (0) = F(x){l — F(x)}.

The global performance of F (x) as an estimator of F(x) can be measured in terms of MISE
and maximal deviation

MISE(F) = MISE(F: h) = E /{ﬁ(x) — FX)}dF(x), )
D,(F) = D,(F;h) = sup |F(x) — F(x)|. 3)
xeR4

The next two theorems give an asymptotic formula of MISE(ﬁ ) and an almost sure rate of D,, (ﬁ ).

THEOREM 2 Under Assumptions (A1)—(A4), asn — oo,
MISE(F; h) = AMISE(F; h) 4+ 0(h*2+? + n™ hypay)
in which the AMISE is

[V®dFx) 12 (K) &

AMISE(F; h) = > R Bag pia (F)
B=1

n (p+ 1P =~

_ D(K) Y haCa(F)
n
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APHF(x) 3P F(x)

1 1
axlT 8x§+

IF(x)

dF(x), Ya,B=1,....d.

Baﬁ.p+1(F)=/ dF(x), Ca(F)=/

o

THEOREM 3 Under AsAsumptions (A1)-(A4), as n — o0, Dn(ﬁ) = 0, (n"'*logn) while for
iid Xy, ..., X,, Dy(F) = Ou . (n""?(logn)'/?).

The first term n! f V(x)d F (x) in the formula of AMISE(ﬁ ; h) is the exact MISE of the
empirical cdf F. We are unaware of any published results on the MISE or the strong uniform rate of
convergence for smooth estimation of multivariate distribution function based on strongly mixing
data, as in Theorems 2 and 3. Since Assumptions (A1)—-(A4) are mild, these strong theoretical
results hold for most multiple time series data with continuous distributions.

In the next section we describe how Theorem 2 is used to compute a data-driven bandwidth
vector for implementing the smoothed estimator F.

3. Bandwidth selection

To have insight into the minimisation of AMISE(F; h) given in Theorem 2, define a function
0: Ri X My (d) x Ri for elementwise positive vectors v = (vy, ..., vg) T, a = (a;,...,ay)’ €
Ri = (0, +00)? and M = (Moqg)ffw\q:1 € M, (d), the set of all positive definite d x d matrices:

d d
O(v,M,a) = Z VeV Myp — Zaavul/(pﬂ) — VT My — al y!//@+D
a,f=1 a=1

in which v/t = (u/P*D -y l/PFINT Iy the following, we denote for any d-dimensional

vectora = (ay, ...,ag)", thed x d diagonal matrix whose (c¢)-th elementis ay, ¢ = 1,...,d
as diag(a). The following theorem is easily proved similar to Yang and Tschernig [8].

THEOREM 4 (i) The gradient and Hessian matrices of Q(v, M, a) with respect to v are

diag(a)v!/PD-1,

9
— OV, M, a) = {diag(M,,)*_, + M}v —
avQ(v a) = {diag(Moq)o—; +M}v Py

2

avovT

O(v. M, a) = diag(Moo)’_, + M + Sdiag(aqul/ P+D2) ¢

_r
(p+1) e

the Hessian matrix of Q(v, M, a) is positive definite, hence the function Q(v,M, a) is strictly
convex in v. (ii) For any a € R, Me M, (d), there exists a unique V € Ri which min-
imises Q(v,M,a), denoted as v(M, a), which satisfies (3/0v)Q(v,M, a) = 0. In addition,
Q{v(M, a),M, a} < 0 foranya € R, M € M, (d). (iii) Finally, for any cm, ca > 0

Q(C;p+l)/(2p+l)ci/l(17+1)/(217+1)v’ M, caa) — C;2p+2)/(2p+1)61:41/(2p+1)Q(V’ M, a),

(17+1)/(217+I)C;/I(P+1)/(2P+1)V(M

v(emM, caa) = ¢

a).

To make use of Theorem 4, we make an additional assumption on F,

(A5) The matrices B, (F) = {Bug,p11(F)}Ys 5, € My (d) and C(F) = {Co(F)}l_, € R%.



23:15 10 November 2008

Downl oaded By: [Yang, Lijian] At:

Journal of Nonparametric Statistics 665

Theorem 2, Theorem 4(ii) and Assumption (AS5) ensure the existence of a unique optimal
bandwidth vector hgp that minimises

AMISE(F; h) = JV®dF®)
n

p+l1
+ Q <h s (P+ 1)!2 p+1

2 (K
“”L()B (F), n—lD(K)C(F)) .

Theorem 4(iii) then implies that

M?;.H(K)

— — yl/(p+D)
hopt—hopl(ny K,F)=v <([7+1)!2

B, 1 (F), n-1D<K>C<F>)
M;Jrl(K)

— p-l/ep+D
{D(K)(p + 12

—1/2p+1)
} v/ (B,41 (F), C(F)).
Thus to obtain the optimal bandwidth vector h,,, one computes exactly the factors involving n
and K in the previous expression, and estimate the following factor
0 =0(F) =1, ....00" = Oi(F).....00(F)" = v/ V(B4 (F), C(F)).
The next theorem follows from the negativity result in Theorem 4(ii).

THEOREM 5 Under Assumptions (A1)—-(A5), F has asymptotically smaller MISE than the
empirical cdf F. Specifically, MISE(F) = n~! f V(xX)dF(x) and as n — oo

MISE(ﬁ; hop) = MISE(F) 4 n*(2p+2)/(2p+l)C(K’ F)+ 0(n7(2p+2)/(2p+1))’

D(K)** 34, (K)

—1/@p+1)
TERE } Q(v(By41(F), C(F)), B (F), C(F)) <0.

C(K,F)= {

Following Yang and Tschernig [8], we define a plug-in asymptotic optimal bandwidth vector

R { nu? , (K)
opt =

—1/@2p+1)
W} Vl/(p+1)(ﬁp+l(F),é(F))

in which the plug-in estimator of the unknown parameter 8, 8 = v!/(»+D (ﬁp+1 (F), C(F)),is com-
puted by the Newton—Raphson method using the gradient and Hessian formulae of Theorem 4 and
where the plug-in estimators of the unknown matrices B, 11 (F) = {Bag, p+1 (F)}Z,,s:p C(F) are

B, 1(F) = (Bupps1 (P} 5. CF) = {Cu(P)}_).

d X.fy
]—[ / K, (x, — X;))dx,

n n
Bappn(F) =n"" Y In™' Y KPP (Xjo — Xia)
j=1 i=1 y=ly#a "~

n d Xy
X n—l Z Kgf)g)(xjﬁ — Xiﬁ) 1_[ / Kgy ()Cy — X,-y)dxy y
i=1 °

y=Ly#B" "
~ n n Xy
CalF)=n"' 107" Ko, (Xjo — Xia) [] / K, (x, — X;,)dx,
j=1 i=1 y=ly#a? "X
The pilot bandwidth vector g = (g;,...,gs)" is the simple rule-of-thumb bandwidth for

multivariate density estimation in Scott [9].
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In the next section, we present Monte Carlo evidence for Theorems 2 and 3, and illustrate the
use of the smooth estimator F'(x) with real data examples.

4. Examples

In all computing of this section, we use the quartic kernel K (1) = 15/16 x (1 — u?)?I(ul < 1)
with p = 1 and the plug-in bandwidth vector ﬁopt described in the previous section. We have not
experimented with other choices of K and p due to limit of space and as these choices are in
general not as crucial as that of the bandwidth, see Fan and Yao [10].

4.1. A simulated example

We examine in this subsection the asymptotic results of Theorems 2 and 3 via simulation. The
data are generated from the following vector autoregression (VAR) equation

XfZQXt—l+8158lNN(072)’ 2§t§n9 EZ[; [1):|,0§aa 10<1

with stationary distribution X; = (X,1, X;2)" ~ N(0, (1 — a®>)~'X). Clearly, higher values of a
correspond to stronger dependence among the observations, and in particular, if a = 0, the data
is i.i.d. The parameter p controls the orientation of the bivariate cdf F, and in particular, if
a = p =0, then F is a bivariate standard normal distribution. To cover various scenarios, we
have experimented with three cases: p =0,a =0; p =0.5,a =0.2; p =0.9,a = 0.2.

A total of 100 samples {X;}!_, of sizes n = 50, 100, 200, 500 are generated, and Fis computed
using the optimal bandwidth vector hopt described in Section 3. Of interest are the means over
the 100 replications of the global maximal deviation Dn(ﬁ ) defined in Equation (3), denoted as
D, (ﬁ ), and the MISE(ﬁ ; ﬁopt) defined in Equation (2). Both measures are listed in Table 1. As
one examines in Table 1, both D, (ﬁ ) and MISE(I:" ; ﬁopl) values decrease as sample size increases
in all cases, corroborating with Theorems 2 and 3. Also listed in Table 1 are the differences of the
same measures for the empirical cdf F against those of F, which are always positive regardless of
the data generating process (i.e. for different combinations of a, p) and measures of deviation (i.e.
D, or MISE). This corroborates with Theorem 5 that £ has asymptotically smaller MISE than F.

Table 1. D, and mean integrated squared error (MISE) of Fand F.

n D, (F) Dy (F) — Do (F) MISE(F) MISE(F) — MISE(F)
p=0,a=0 50 0.10137 0.05528 0.15751 0.02100
100 0.07385 0.0352 0.07202 0.01046
200 0.05107 0.02292 0.03350 0.00411
500 0.03482 0.0122 0.01421 0.00184
p=05a=02 50 0.10761 0.05109 0.20178 0.03239
100 0.07514 0.03423 0.08897 0.01539
200 0.05271 0.02204 0.04169 0.00409
500 0.03714 0.01121 0.01936 0.00236
p=09,a=02 50 0.10687 0.03561 0.20294 0.03549
100 0.07339 0.0243 0.08635 0.01479
200 0.05038 0.01575 0.04008 0.00628

500 0.03668 0.00837 0.02028 0.00215
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Based on these observations, we believe our kernel estimator of multivariate cdf is a convenient
and reliable tool, which is also superior to the empirical cdf in terms of accuracy.

4.2. GDP growth and unemployment

In this subsection, we discuss in detail the dependence of the US GDP quarterly growth rate on the
unemployment rate. There are three types of unemployment: frictional, structural and cyclical.
Economists regard frictional and structural unemployment as essentially unavoidable in a dynamic
economy; so full employment is something less than 100% employment. The full employment
rate of unemployment is also referred to as the natural rate of unemployment. It does not mean
that the economy will always operate at the natural rate. The economy sometimes operates at
an unemployment rate higher than the natural rate due to cyclical unemployment. In contrast,
the economy may on some occasions achieve an unemployment rate below the natural rate.

Sample autocorrelation function (acf)

05

acl

acl

Sample autocorrelation function (acf)

=051

()

Figure 1.

250

(d)

(a) ACF plot of gross domestic product (GDP) quarterly growth rate; (b) ACF plot of unemployment quarterly

growth rate; (c) time plot of GDP quarterly growth rate; (d) time plot of unemployment quarterly growth rate. In all ACF

plots, the horizontal lines are at O and at £1.96n

—1/2

, the 95% confidence limits.
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For example, during World War II, when the natural rate was about 4%, actual rate fell below 2%
during 1943-1945. The pressure of wartime production resulted in an almost unlimited demand
for labour. The natural rate is not forever fixed. It was about 4% in the 1960s, and economists
generally agreed that the natural rate was about 6%. Today, the consensus is that the rate is
about 5.5%.

GDP gap denotes the amount by which actual GDP falls short of the theoretical GDP under the
natural rate. Okun’s law, based on recent estimates, indicates that for every 1% by which the actual
unemployment rate exceeds the natural rate, a GDP gap of about 2% occurs. See Samuelson [11,
p. 559] or McConnell and Brue [12, p. 214] for more details. In other words, if unemployment
rate falls, then GDP growth rate increases. But unemployment rate cannot keep falling because
it moves around the natural rate. So it is useful to find the relationship between the GDP growth
rate and unemployment growth rate.

Let X, be the seasonally adjusted quarterly unemployment growth rate in quarter ¢, X,, be the
quarterly GDP growth rate in quarter ¢, all data taken from the first quarter of 1948 (¢ = 1) to the
second quarter of 2006 (¢ = 234). Since all data has been seasonally adjusted, it is reasonable to
treat X, = (X,1, X2)T,t=1,...,234asa strictly stationary time series, which is shown in the
time plots. The ACF plots indicate that the autocorrelation function does not deviate significantly
from geometric decay, which is a consequence of the geometric a-mixing Assumption (A2). The
plots are shown in Figure 1.

Given any interval I = [a, b], the survival function of X,, conditional on X,; € I is defined as

F(b, xy) — F(a, x3)

Si(x) =PXp>x]Xnel)=1- Fb. 100) — F(a. 100) “4)

in which F is the joint distribution function of X;; and X,,.

Conditional Survival Curve
Il 1

Survival Probability
0,5

T T
0 1 2 3
GDP Quarterly Growth Rate*E-2

Figure 2. Survival curves of gross domestic product growth rate conditional on unemployment growth rate:
X1 € [—0.08, —0.04], thin solid; X;; € [—0.02, 0.02], thick solid; X;; € [0.04, 0.08], dotted.
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The function S (x;) can be approximated by the following plug-in estimator

F(b, x3) — F(a, x)
F (b, +00) — F(a, +00)

Si(x)=1-— (5)

in which F is the kernel estimator of F defined in Equation (1). According to Theorems 1 and 3,
for any fixed xy, |S;(x2) — S;(x2)| = O,,(n’l/z) while

sup |87 (x2) — S;(x2)| = O,y (n"?logn),

X2€R

so the estimator S; (x) is theoretically very reliable. We therefore draw probabilistic conclusions
based on the smooth estimate S 1 (x) instead of the true S;(x»).

In Figure 2, the estimated conditional survival curve 3‘, (x3) is plotted for intervals I =
[—0.08, —0.04], I =[—0.02,0.02] and I = [0.04,0.08]. Clearly, when the unemployment

Sample autocorrelation function (acf) Sample autocorrelation function (acf)
3 E
| | | | =] I | | | L ] | |
-4 | | — | | | ] | |
0 5 10 15 20 [; 5 [’U 15 20
lag lag
(a) (b)
10
8F o
5 |
4t 4

' L L L L L L I L I ' L
20 40 60 80 100 120 140 0 20 40 60 B0 100 120 140
(c) (d)

Figure 3. (a) ACF plot of gold price return; (b) ACF plot of silver price return; (c) time plot of gold price return; (d) time
plot of silver price return. In all ACF plots, the horizontal lines are at 0 and at £1.96n~'/2, the 95% confidence limits.
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growth rate is between —0.08 and —0.04, the chance to have the GDP growth rate higher than
1.5% is the greatest, which is about 0.2. This is in accordance with the Okun’s law that the growth
in GDP is associated with the unemployment rate. So if policy-makers want to achieve a high
GDP growth rate, they should find better ways to lower the unemployment rate. One can even
estimate the probabilities of GDP growth rates given the policy of unemployment, which is the
interval [. If current unemployment rate is close to the natural rate, then the / is an interval close
to 0, such as [—0.02, 0.02]; if the current unemployment rate is much higher than the natural rate,
then the 7 is a negative interval, i.e. trying to lower the unemployment rate.

On the other hand, the survival function of X, conditional on X;, can be computed similarly.
If a certain level of GDP growth rate is planned to be achieved, one can estimate the conditional
probabilities of different unemployment growth rates.

4.3. Gold and silver price returns

In this subsection, we discuss in detail the dependence of price returns of gold on silver. Let X;;
be the monthly silver price return in quarter ¢, X,, be the monthly gold price return in quarter
t, all data taken from the February of 1996 (¢ = 1) to the August of 2006 (¢ = 127). Since both
data have been seasonally adjusted, it is reasonable to treat X, = (X;, X)), t=1,..., 127 as
a strictly stationary time series, which is shown in the time plots. Again, the ACF plots indicate
that the autocorrelation function does not deviate significantly from geometric decay, which is a
consequence of the geometric o-mixing Assumption (A2). The plots are shown in Figure 3.

Conditional Survival Curve
1 1 1 1 1

Survival Probability
05

-15 -10 -5 0 5 10 15
Gold Price Monthly Return*E-2

Figure 4. Survival curves of gold price return conditional on silver price return: X;; € [—0.10, —0.06], thin solid;
X1 € [—0.02, 0.02], thick solid; X,;; € [0.06, 0.10], dotted.
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Similar to the previous example, for any fixed interval I = [a, b], the survival function S; (x,)
and its estimate 31 (x7) are defined as in Equations (4) and (5), respectively. We again base our
inference on the estimated function S 1(x2).

In Figure 4, the estimated conditional survival curve .§1 (xp) is plotted for intervals I =
[—0.10, —0.06], I =[—0.02,0.02], I = [0.06, 0.10]. Clearly, when the silver price return is
higher, the gold price increases faster. This is in accordance with the economic theory of substi-
tute goods, i.e. increase in the price of one good causes increases of demand of other substitutes,
hence the increases of the prices of substitutes. So gold and silver clearly substitute each other.
See Samuelson [11, p. 81] for more details.

On the other hand, the survival function of X;; conditional on X;, can be computed similarly.
That is the conditional probability of silver price return based on gold price return.
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Appendix

Al. Preliminaries

In this appendix, we denote by C (or ¢) any positive constants, by U (or u) sequences of random variables that are
uniformly O (or o) of certain order and by O, . almost surely O, etc.

LemMmA Al (Berry-Esseen inequality, [13, Theorem 1]) Ler {&}7_, be an a-mixing sequence with E&, =0.
Denote ds .= maX]EiEn{E|§j‘2+8}, 0<d8<1, S, = ZL] &, U,% = ESﬁ > con for some cp € (0, +00). If a(n) <
Ko exp(—ion), o > 0, Ko > 0, then there exist c; = c1(Ko, 8), c2 = c2(Ko, 8), such that

o0},

148
—1 ds On
A, =sup|Plo, 'S, <z} —P@)| <c1 3 log 7 /A (Al)
z IS
for any X with .1 < A < Ay, where

1/2\1b
1 . b>2(1+38
A = ¢, 108/ DY b >2(0+9) 12:4(2+8)8110g<0" )

n 8 C(l)/2
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LEMMA A2 (Bernstein’s inequality, [7, Theorem 1.4]) Let {&} be a zero mean real-valued process, S, =Y i_, &.
Suppose that there exists ¢ > 0 such that fori = 1,...,n, k > 3,E|§|F < ck’zk!Eé‘[2 < +o00,m, = maxi<i<y &,
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r > 2. Then for each n > 1, integer q € [1,n/2], eache > 0andk > 3

qc? " 2k/(2k+1)
P | >ne,t <ajexp| ———2— | +a ka([i])
" 1ExP 25m% + 5ce, 2(k) qg+1

2 52K/ k4D
a —2"+2<1+€">, ag(k)—lln(l+mk .
q

25m3 + 5ce, €n

i=1

where

A2. Proofs of Theorems 1 and 2

LEMMA A3 Under Assumptions (A1), (A3) and (A4), as n — 0o

1
Kp+1(K) ih”l Pt F(x)
a p+l

+u(hPEh.
(P + 1)' a=1

max

E{(F(®)} = F(x) +

Proof Using the integral form of Taylor expansion and denoting hv = (hjvy, ..., hdvd)T, we write
S|
Su+hy) = f@+ > 5 (Z have 5= ) F@) + Ry,
r=

1 » d p+l
t d
R =R (u,hv):/ — E hyvy — f(u+rhv) ¢ dt.
p+1 p+1 o [7! o a Vo Bt f

Hence Assumptions (A4), (A1) and (A3) sequentially imply that

E{F(x)} = E/x Kn(X; —u)du:/x du/ ; f(u+hv)K v)dv
—00 —00 [—1,1]

f f(u)du+/ du/11 - (Zhava ) S + Rpyy [ KWy
r=1 =1

X 1 1P d P P+l
:F(9x)+/ du/ ’ /0 o Zhavaﬁ fu+thv) §dt | K(v)dv
—o0 [~1.1] S W o

Hp+1(K) 3+
= F(x)+ (p+1)~ / Z "“ 1(“)d“+”(h5§xl)

Up+1(K) AP F(x) p
=F(x)+ (p+1)' Z g1 9 %) S +u(hbtl.

LEMMA A4 Under Assumptions (A1)—(A4), as n — oo

hy dF(x)

t X F(x) — D(K) Y Fuhma) 0= J,
E {/ Kn(X; —l.l)dll/ Kn(X; — u)du} =

- EINX; < x}H{X; < x}+ u(hmax) i# ]



23:15 10 November 2008

[Yang, Lijian] At:

Downl oaded By:

Journal of Nonparametric Statistics 673

Proof We begin with the case of i = j,

X 2 00 _ 2 00
E{/ Kh(Xi—u)du} :/ FWER (Xh—v> dv:/ £(x — hw) R2(W)hproadw
oo -1

—00

= hprod /oo{l(w >—1)—I(w>D}f(x—hw)KZ(w)dw + /oo F(x — hw)hproadw
1

= Nprod /oo{l(w >—1)—I(w>D}f(x— hw)Igz(w)dw + F(x—h)
—1

0 d
1

3 Xd:/’l J ! ~, IF(x)
= prod W o dwg f(x —hw) K= (wy) + F(X) — Z ax he + u(hmax)
a=1 -1

a=1 o

d
=FX0 Y ha 3;;(") D(K) + u(hmay)-
a=1 o

Similarly, for the case of i # j, one obtains

E {/x Kh(Xi 7ll)du/x Kh(Xj 711)(1[1}

oo oo — v . —v:
:/ / dV,‘def,‘vj(V,',Vj)IZ <X hV’>K (L hVJ)
—o0 J—00

oo 00
:/1 /1 S & = hwi, X —hw ) K (W) K (W) hroad Widw,

= hﬁmd {/1 {I(w; = —=1) — I(w; = D}K (w;)dw; +/1 dWi}

X {/w [Iw; =-1) = I(w; > 1)}1%(w,-)dw,-+[mdw,-}f,-,_,~(x—hw,~,x—hw_,~)
—1 1

o0 [o¢]
:hgmd/l {I(w; > —1)—I(w; > l)}l((w,-)dw,-/l dw; fi j(x —hw;, x —hw;)

0 [eS)
+h12)r0d[ {I(Wjz—l)—l(wjzl)}K(wj)dwj/ dw; fi,j(x —hw;,x —hw;)
—1 1

+ EXX; <x—h{X; <x—h}+ u(hmax)

d =] [eS] I
=3, / av; / Vi s / R wie)dwia fi ;e — Wiis X o — Vi s X — V)
= h hi o 1

d [ed] o0 1
+Zh°‘/ dVi/ dvjﬂ/ K(wjo)dwijq fi,j (X — Vi, Xg — hWja, X o — Vj_a)
a1 h hj o —1

d
JEIX;
+ENX; <x}{X; <X} =) hq X

a=I

=x}/{X; <xj

0xy

+ u(hmax)

d
AEIX; <x}{X; <x}
=EIX; <x}{X; <x} =) hy : e ’
a=1
d
IENX; <x}I{X; <x
£ PEI X S < 0 < x) ). "

0xy
a=1

Denote S, = S,(x) = n{F(x) — EF(x)} = Y7, &y in which

§in=En(x) = /x Kn(Xi —w)du — E {/x Kn(Xi —wyduy,

—00
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then clearly E§;, = 0. Denote by y(I) = cov(&; ,, &i+1,,) the autocovariance function, then we have the following
corollary.

COROLLARY Al Under Assumptions (A1)-(A4), asn — oo

o F(x) — FX(x) = D(K) Y4_, hq D) | ) i = j.
cov(&in, &jn) =y(I —j) = 0xy
EIX; < x}{X; <X} — F2(%) + u(hmax) i# ]

Proof According to Lemmas A3 and A4,

X X X 2
COV(Ei.,l,gj,n) = |:E {/ Kh(Xi - u)du/ Kh(Xj — u)du} — <Ef Kh(X,' - ll)dll) ]

_ {F(x) ~ D(K) Y4 ha T2 4 t(hay) i =)

EI{X; < XH{X; < X} + (hma) ey
(X) M F(x) ’
Kp+1 L PP +1
- |:F(X)+( i Z h? o +u(h{,’m)} ;
the rest of the proof is trivial. |

Proof of Theorems I and 2 According to Corollary A1l

Fx)
0) = D(K) Y4 h +u(hmax) =0,
S0y = r(0) (K) Y =1 ha s u(hmax) A2)
y () + u(hmax) L #0,
inwhichy () = y(,x) = EI{X| < x}{X14 <X} — F2(x). Lemma A3 and Assumption (A3) further imply that
. K artlF
Sy =n {F(x) — F(0 - ‘:"1(1),) Z hyt! pflx) + u(hﬁ,;:b} : (A3)

Meanwhile, 0,7 = ESy = var(S,) = nA, +nBy,, where Ay = 3100, (1 = 11I/m7 (@) and By =3 00, cpan(1 —
|l]/n)y (1). Because |y (1)] is

[P({w: Xi(0) <x} N{o: X)) <x}) — P X (@) < xhP({o: X (o) < x})

which is bounded by a(/) < Koe 0. Then, 372 Iy (D] < y(0) +2 372, Koexp(—iol) < oo and Equation (A2)
implies that
o0

- = Ll
e \1\<lz'1‘:)gn< " )V(Z) ' |l\<§(:)gn< n ) U hmax) = l;@v(l) > cp.

Next, [cov(E1n, Eq+i.n)| < 4lE1nlloollE+).nlloo 2 (h) < 4Koexp(—Aol) gives

1!
Bul= ) ( n”)| Ol Y (%)Mokoexp(—xoh.

clogn<|l|<n |l|>clogn

Forc > 2/Xq, | Bu| < 4Kge™*0¢1081 /] _ ¢=20 = Kon=0 /] — ¢ < Cln’z.Fornla.rgeenough,o,f/n =A,+ B, -
32 s ¥ (D) = co, therefore > ii1<n ¥ @) > 0. Then by Equation (A1) in Lemma A1,

d 10( /]/2) 1+8
Oy /C

A,,:suplP{onlS,,<z}—<1>(z)|§cl5{gn0} .
z oo

A

Let§ = 1,4 = 42 + 8)8 " log (on/cy’*) = 1210g(0n/cy/ P d = 1, then A, < (¢1)/(c00,)1272 = ¢/a, = O(n~/2),

i.e. Sy/on —4 N(0, 1). Theorem 1 then follows because /ny/V ~1(x) (F(x) — F(x)) =4 N(0, 1) by Slutsky’s theorem.
Equations (A2) and (A3) together with E§; , = 0 imply that

2 d 2
A 12 (K) 1 07T F () ,
(EFO) - FOP = (70 ;%“W +uhph ),

()

E{Fx) — EF®) =n"'V(x) - D(K)n M hman),

hence Theorem 2 follows by computing f E{F(x) — EF(X)}2 + {EF(X) — F(x))2dF(x). |
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A3. Proof of Theorem 3

LEMMA A5  Denote gy, ,...my = (@1,my» - -+ »Qdmy) € R, 1 <my < My and

Bn = max ‘ﬁ(gm| ,,,,, md) - F(gm| ,,,,, md)l

1<m, <M,
If max(My, ..., Mg) < Cn, then A, + B, = Ons(n~""?logn) while for iid. Xi,...,X,, Ay + B, = Oqs.(n"'/?
(logn)'/?).

..... ma) = EF(gmy...mg) =n~" /| in in which

8 8my....my
Cin = {in,ml,,“,md = Ci,n(gml AAAAA md) = / Kh(Xi —u)du—E {/

o0 —00

Kn(Xi — U)dU} ,

then one has E¢;, = 0, while

) < gmy.mg gmy,mg 2
EGX)=E / Kh(X,-fu)dufE{/ Kh(Xl-fu)duD <1,

—00 —00

and for k > 2, E(|¢in|*) = E(|¢inl*77¢,), which is

gmy,omy Sy sy
E U/ Kn(X; — u)du—E {/ Kn(X; — u)du}
—00 —00

By Lemma A2 with k = 3, a>(3) = 11n(1 + 5m%” /e,), m3 = E(¢2) < 1,6, = alogn//n,

i gé? " 6/7
P Zfz‘n > ne, + < ajexp 725"1%70% +a2(3)a(|:m]> .

i=1
Take g such that [n/(g + 1)] > cologn, g > (cin)/(logn), then qe%/(25m% +5ce,) > cra®logn and

k=2
;,-2"} < 1*2E@2).

2

n €
a=2—+2|14+ —52—— | = O(logn).
! q ( 25m%+5can> (logm)

Since m3 = max;<i<y [5ill3 < {E(¢3)}/? < 1, then
5 5 5
@ =1n(1+>2) <ty —2 Vimli+ =0,
n an~12logn alogn

" 6/7 " 6/7 Sroca)?
- —_ - —0ApCo
“([(qﬂ)]) 5(K°exp< AO[((H—U])) =cn ‘

So for ¢y, ¢ large enough

e

i=1

IA

> nen} < O(logn) exp(—cza2 logn) + Cn'=0%0c0/7 < Cn~@+2,

n
1 ] ~1/2
P {1<r%a3Mu n Zl Cinmy...mq | > an logn}
i=
My,..., My n d
=< Z P !n_] Zfimml AAAAA ma | > an~'/? logn} < Cn~¥t? l_[ M, <Cn™2.
mp=l1,...mg=1 i=1 a=1

max
1<mq <My

F@nrvms) = EF Gy om)| + | max B Gy n)) = Fmy,ma)

1<mg <My
=A,+Um V%) = 045.(n" % logn).

If Xy,...,X, are i.i.d., then A, + B, = OH_S_(n_l/z(log n)/2) by using the same steps as shown with Bernstein’s
inequality of i.i.d. case. |
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LEMMA A6 VA C RY, Sy 1Kn(v —w)|du < [ps |Kn(v —u)|du < IIKH”L’l
Proof Applying elementary arguments, fA |[Kp(v —u)|du < .fRd |Kn(v — u)|du is bounded by
f Vg — Ug
R4 ha

LEMMA A7 Let —00 =dqy| <+ <dqnN, =00 be such that max(Ni,...,Ng) <Cn and P(agi < Xe
agiv1) < 1/n,¥1 <k < Ny, V1 <a < d. Then Ef;nl ., [Kn(X —wldu = u(n=12(logn)"?) in which gu, ..,

(al,nl sy ad,nd) e R4

d 1
du = 1‘[/] |K (wa)|dwy < K14,
a=1""

1A

Proof

X oo 8ny+1,....ng+1
E/ |Kh(X—u)\du§/ / |[Kn(v —u)|dudF(v)
8ny,.. —00

8ny,.ong
8y +1,eng+1+H 1) 8ny+1,.ng+1
=/ dF(v) |[Kh(v —u)|du
8nyong =1, shg) 8ny.einy
8ny+1,ng+1H01 )
< C/ dF(v)
8y g —(h1,hg)

8n1+1 g1+ ha)
nd_(hl '''' hg) dF(v) equals

gn1+l.,,..nd+]+(h] ----- ha) 8ny+1,...,ng+1 8ny+1,..ng+1
/ dF(v) —/ dF(v)+/ dF(v)
8nyeng —(h1shg) 8n

according to Lemma A6. [’

8ny+1,.ong+11+ 1. hg) S+l +1
:/ dF(v) —/ AF) + P(guymy <X < goystmg i)
8ny.ong —(h1,..hg)

/’al,nl alng+1 any+1+h Ad,ng Ad,ng+1 adng+1+h
+ + B + + dF(v)
ayny —h ain, alny+1 adng—h a Ad ng+1

d.ng
8ny+1,....ng+1 1
— / dF(v)+ —.
any,.. n

IA

Within this sum, the 3¢ — 2¢ terms with f anatl oo O(n~"), while each of the 2¢ terms without f,, «natl js bounded by
Nprod MaXye ga | f(X)|. Applying Assumptlons (A1) and (A3),

c@3? —29 12

X
E/ |Kn(X = w)|du < Chproa max | £ (x)| + ———— = u(n™"?(logn)'/?). u
8ny xeR4 n

LEMMA A8  Under the same conditions of Lemma A7, for VX = (x1,...,Xq) € R4 n1 Z?=1 |ginl = U (n=172 logn)
in which

X
Cin = {i,n(gnl 44444 nd) = / {lKh(Xl - u)‘du_ElKh(X - u)‘}du
8ny.ng
while fori.id. Xy, ..., X, n7 VY0 [Gin| = Uqs.(n ™% (logn)'/2).

Proof One can show by applying Lemma A2 as in the proof of Lemma AS5. |

Proof of Theorem 3  Under the same conditions of Lemma A7, one has

max_ |F(gny....ng) = F(&nr,..ns)| = Ous. (0™ logn)

1<ny <Ny

by Lemma AS5. For Vx = (x1,...,x4) € R?, there exist integers np,...,nq such that F(gy,
F(gny+1....ng+1)- Hence |F(X) — F(gn,.....n,)| is bounded by

Z/ Kn(X; —u)du| < — Z/ [Kn(Xi —w)|du
d

8ny,.. 8ny,..ng

X
*Zf {IKn(X; fu)|dufE|Kh(X7u)|}du+/ E|Kp(X —w)|du = Oy 5.(n~"*logn)
8ny,...ng 8ny,...ng

ng) < F(x) <
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according to Lemmas A7 and A8. Then according to Lemma AS,

IF(x) — F®)| < [F®) = F(gny,n)| + 1 E@nyng) = F&npoon)) + 1F 8y, ng) — FX)|
n

1
= Upus.(n"?logn) + Uus.(n"*logn) + U ( )

and if Xy, ..., X, are i.i.d, one can replace log n in this inequality by (logn)'/2. |





