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We propose a data-driven method to select significant variables in additive model via spline estimation.
The additive structure of the regression model is imposed to overcome the ‘curse of dimensionality’,
while the spline estimators provide a good approximation to the additive components of the model. The
additive components are ordered according to their empirical strengths, and the significant variables are
chosen at the first crossing of a predetermined threshold by the Cumulative Ratios of Empirical Strengths
Total of the components. Consistency of the proposed method is established when the number of variables
are allowed to diverge with sample size, while extensive Monte-Carlo study demonstrates superior per-
formance of the proposed method and its advantages over the BIC method of Huang and Yang [(2004),
‘Identification of Nonlinear: Additive Autoregressive Models’, Journal of the Royal Statistical Society
Series B, 66, 463–477] in terms of speed and accuracy.
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1. Introduction

Variable selection is widely used in diverse areas such as genetics, digital imaging processing,
functional data and financial data. Consequently, it has become a topic of high priority in statistics
research, especially in the analysis of high-dimensional and time series data.

Statistical literature contains numerous procedures on variable selection for linear and other
parametric models, and many classical approaches, such as Akaike Information Criterion, Final
Prediction Error and Bayesian Information Criterion (BIC), are well established, see for instance,
Akaike (1969, 1970) and Schwarz (1978). However, their proper use is restricted to data that fit
the specific model structure. Nonparametric method can be applied to avoid the bias of misspec-
ified parametric model structure, see Cheng and Tong (1992), Yao and Tong (1994), Tjøstheim
and Auestad (1994b), Tschernig and Yang (2000) and Yang and Tschernig (2002) for nonpara-
metric time series lag selection. General nonparametric models, however, suffer the ‘curse of
dimensionality’, i.e. the inaccuracy of estimating multivariate nonparametric function based on
a moderate number of observations.
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Additive form of the regression function, introduced by Stone (1985), is a semiparametric
tool to effectively circumvent the curse of dimensionality, which became popularised with the
publication of Hastie and Tibshirani (1990). There has been a vast array of influential pub-
lications on the subject of additive model for the last two decades, see for instance, Buja,
Hastie, and Tibshirani (1989), Friedman (1991), Lewis and Stevens (1991), Tjøstheim and
Auestad (1990, 1994a), Chen and Tsay (1993), Linton and Nielsen (1995), Masry and Tjøs-
theim (1997), Fan, Härdle, and Mammen (1998), Mammen, Linton, and Nielsen (1999), Yang,
Härdle, and Nielsen (1999), Yang, Park, Xue, and Härdle (2006), Wang and Yang (2007), Yu,
Park, and Mammen (2008), Mammen, Støve, and Tjøstheim (2009), Wang and Yang (2009),
Jiang, Fan, and Fan (2010), Lee, Mammen and Park (2010), Liu and Yang (2010), Song and
Yang (2010), Ma and Yang (2011), Ma (2012), and Liu, Yang, and Härdle (2013). These works
span different approaches (spline, kernel, etc.) and strategies (one- or two-step, or iterative, etc.),
and have various advantages/disadvantages that have been well known and understood.

One important aspect of additive modelling, as for other semiparametric modelling, is the
selection of significant variables. Huang and Yang (2004) extended the BIC method of time
series lag selection Schwarz (1978) by combining it with spline smoothing to select significant
variables (or lags) in nonlinear additive autoregressive (AR) model. Other well known works
on additive model variable selection include Härdle and Korostelev (1996), Xue (2009), Huang,
Horowitz, and Wei (2010), Xue, Qu, and Zhou (2010), Chen, Liang, and Wang (2011), Fan, Feng,
and Song (2011), Liu, Wang and Liang (2011), Wang, Liu, Liang, and Carroll (2011), Jiang and
Xue (2013), Ma, Song, and Wang (2013), to name a few.

Huang and Yang (2004) rigorously established consistency of their spline BIC method for
fixed number of covariates. Lian (2014) adopted the extended BIC (Chen and Chen 2008) to
high-dimensional additive models and established selection consistency when the number of
variables is of ultra-high dimensionality. For both methods, the asymptotics are established by
searching over all possible subsets of variables. However, the implementation was conducted by
a directed search of stepwise addition and deletion to avoid the computationally infeasible task
of full subset search.

We propose to remedy this major gap between theory and implementation by selecting
variables in additive model according to their empirical strengths, i.e. their averaged squared
estimated function values. By approximating the additive components via B-spline, the collec-
tion of CUmulative Ratios of Empirical Strengths Total (CUREST) of the components is a good
indicator to identify significant variables through a predefined threshold value. Our method is
computationally expeditious. To appreciate the difference, to select significant variables out of
a pool of 20, the full search of BIC (or extended BIC) needs to perform 220 = 1, 048, 576 addi-
tive spline regressions, the stepwise procedure needs 20 × 21 = 420 such regressions, while
CUREST approach only needs one such regression. In addition, the CUREST approach is
adaptive to nonlinear models and selection consist for high-dimensional additive model, hence
overcomes all the aforementioned problems.

The CUREST method takes the spline approach of Huang and Yang (2004) with all compu-
tational advantages, and improves on the thresholding idea in Härdle and Korostelev (1996).
At a first look, the CUREST method highly resembles the nonparametric independence screen-
ing (NIS) in Fan et al. (2011), but careful examination reveals a fundamental difference: NIS
assumes that the set of significant variables is independent of the set of insignificant ones, and
hence carries out spline smoothing on each regressor one at a time; the CUREST method does
not need independence assumption and performs merely one spline smoothing on the whole set
of regressors. Thus the advantage of CUREST over NIS is that it is capable of zeroing in on a
set of significant variables not necessarily independent of the rest; the advantage of NIS over
CUREST being that it allows for the full dimension growing to infinity much faster than sample
size, as long as the significant variables are independent of the others and of a fixed small number.
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Penalised polynomial spline method in Xue (2009), Huang et al. (2010), and Xue et al. (2010),
also uses polynomial splines to approximate nonparametric functions, and conducts variable
selection through the penalisation on the L2 norm of each additive component. The computation
of such penalised polynomial spline estimator is more challenging due to non-smoothness of the
penalty functions and often obtained by an iterative procedure such as the local linear or local
quadratic algorithms. However, the proposed CUREST approach is much simpler to compute and
only needs to solve one least squared problem. Similar to NIS, the advantage of the penalised
polynomial spline method is that it adapts automatically to high-dimensional cases and allows
the dimensionality to grow much faster with the sample size.

The rest of the article is organised as follows. In Section 2 we describe the additive stochastic
regression model which includes the classic iid additive regression as well as the additive AR.
Section 3 introduces spline estimators of additive components of the model. Section 4 proposes
the variable selection rule and states the main theoretical results. Section 5 provides implemen-
tation details of the proposed method, while Monte-Carlo results are reported in Section 6. All
technical assumptions and proofs are given in the appendix.

2. The model

Let {(Yt, Xt)}n
t=1 be a sequence of stationary observations, with univariate response Yt and dn

predictors Xt = (Xt1, . . . , Xtdn). We allow diverging number of predictors with dn → ∞ as n →
∞. With unknown conditional mean function m(Xt) = E(Yt | Xt), the observations satisfy

Yt = m(Xt) + εt, t = 1, . . . , n, (1)

where {εt}n
t=1 are uncorrelated white noises with E(εt | Xt) = 0, and εt is independent of the σ -

field F = σ(Xt′ , t′ ≤ t) for t = 1, . . . , n. No additional assumption about εt is specified. It can
either be conditional homoscedastic (Var(εt | Xt) is a constant) or conditional heteroscedastic
(Var(εt | Xt) is not a constant). The variables Xt can consist of either exogenous variables or
lagged values of Yt.

For the additive model (Hastie and Tibshirani 1990), the regression function takes the form

m(x) = m0 +
dn∑

l=1

ml(xl), (2)

where m0 is an unknown constant and {ml(·)}dn
l=1 are unknown nonparametric functions. For

model identification purpose, we assume that E{ml(Xtl)} = 0 for 1 ≤ l ≤ dn in Equation (2).
In the literature of nonparametric smoothing, estimation of the functions {ml(xl)}dn

l=1 is often
conducted on compact sets. Without loss of generality, we consider the estimation of each ml(·)
on Cl = [0, 1], for l = 1, . . . , dn. Following Stone (1985) and Huang (1998), denote the additive
model space

H =
{

h(x) = h0 +
dn∑

l=1

hl(xl), h0 is a constant, E{hl(Xl)} = 0, E{hl(Xl)}2 < +∞
}

.

Then the regression function m in Equation (2) is the minimiser of E{Yt − h(Xt)}2 over all
h ∈ H.

In what follows, denote by En the empirical expectation En(ϕ) = n−1 ∑n
t=1 ϕ(Xt). We intro-

duce two inner products on H. For functions ϕ, φ ∈ H, the theoretical and empirical inner
products are defined, respectively, as 〈ϕ, φ〉 = E{ϕ(X)φ(X)} and 〈ϕ, φ〉2,n = En{ϕ(X)φ(X)}.
The corresponding induced norms are ‖ϕ‖2

2 = E{ϕ2(X)} and ‖ϕ‖2
2,n = En{ϕ2(X)}.



598 M. Yang et al.

3. Additive spline estimation

Spline method is applied to estimate unknown components in the regression function m. Let Nn

denote a positive integer and let p > 1 be an integer. For each l = 1, . . . , dn, let 0 = ξl0 < ξl1 <

· · · < ξl,Nn < ξl,Nn+1 = 1 be a knot sequence and ξl1, . . . , ξl,Nn are called interior knots. The poly-
nomial spline space Gl consists of functions that are polynomial with degree p − 1 (or less) on the
intervals [ξli, ξl,i+1), i = 0, . . . Nn − 1 and [ξl,Nn , ξl,Nn+1], and overall it is p − 2 times continuously
differentiable on [0, 1]. The functions in Gl are called polynomial splines. A polynomial spline
with p = 2,3,4 is a piecewise linear, quadratic, cubic function, respectively. See de Boor (2001),
Chapter IX for details. The space Gl is determined by the polynomial degree p − 1 and
the knot sequence {ξli}Nn+1

i=0 . Let G
0
l = {gl ∈ Gl, En(gl) = 0}, where En(gl) = ∑n

i=1 gl(Xil)/n =
0. It is the space of empirically centred polynomial splines. Then define the estimation
space

G =
{

g(x) = g0 +
dn∑

l=1

gl(xl), g0 is a constant and gl ∈ G
0
l

}
,

which is a direct sum of the space of constants and G
0
l , 1 ≤ l ≤ dn. Intuitively any m ∈ H can

be approximated by an additive spline function in G, which leads to the following least squares
estimation.

Given observations (Xt, Yt), t = 1, . . . , n, from Equation (1), the estimator of the unknown
regression function m is defined as its best approximation from G by minimising the sum of
squared errors

m̂(x) = arg min
g∈G

n∑
t=1

{Yt − g(Xt)}2. (3)

It is equivalent to minimise the sum of squared errors with respect to γ = {γ0, γlj, 2 − p ≤ j ≤
Nn, 1 ≤ l ≤ dn}

γ̂ = arg min
γ

∑
t

⎧⎨
⎩Yt − γ0 −

dn∑
l=1

Nn∑
j=2−p

γljBlj(Xtl)

⎫⎬
⎭

2

, (4)

where {Blj}Nn
j=2−p is a set of basis of the spline space G

0
l . For example, one can use the truncated

power basis of form {xl, . . . , xp−1
l , (xl − ξl1)

p−1
+ , . . . , (xl − ξlNn)

p−1
+ }, in which (x)p

+ = (x+)p. Then
the estimator of the regression function m is given by

m̂(x) = m̂0 +
dn∑

l=1

m̂l(xl), (5)

where m̂l(xl) = ∑Nn
j=2−p γ̂lj[Blj(xl) − En{Blj(Xl)}], and m̂0 = γ̂0 + ∑Nn

j=2−p γ̂ljEn{Blj(Xl)}. The

estimators {m̂l(xl)}dn
l=1 are empirically centred to consistently estimate the theoretically centred

function components in Equation (2).
In the following, for positive numbers bn and cn, n ≥ 1, bn � cn means bn and cn have the same

order, bn  cn means bn/cn → ∞, and bn ≤ cn means bn/cn → 0. To establish the theoretical
results, we need the following assumptions.

(A1) The vector stochastic process {(Xt, Yt)}∞t=−∞ is stationary and geometrically strong mix-
ing. That is, there exist constants c1 > 0 and 0 < ρ < 1, such that α(n) ≤ c1ρ

n for all n,
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with the α-mixing coefficient of {(Xt, Yt)}∞t=−∞ defined as

α(n) = sup{P(B ∩ C) − P(B)P(C) : B ∈ σ({(Xt, Yt), t ≤ 0}),
C ∈ σ({(Xt, Yt), t ≥ n})}.

(A2) The noise εt satisfies E(εt | Xt) = 0 and supx∈[0,1]dn E{|εt|2+ν | Xt = x} < ∞ for some ν >

0.
(A3) The joint density of X, denoted by fX, satisfies 0 < M −1

1 ≤ fX(x) ≤ M2 < ∞ for some
positive constants M1, M2 > 1 and all x ∈[0, 1]dn . Denote 2ε1 = 1 − (1 − M −1

1 M −2
2 )1/2.

(A4) The functions {ml}dn
l=1 belong to a class of functions F , whose (p − 1)th derivative exists

and is Lipschitz continuous of order 1. That is, F ={ϕ : |ϕ(p−1)(s) − ϕ(p−1)(t)| ≤ K|s −
t|, for s, t ∈ [0, 1]}, for some positive constant K.

(A5) For the dn sets of knots {0 = ξl0 < ξl1 < · · · < ξl,Nn < ξl,Nn+1 = 1}dn
l=1, there exists c2 > 0

such that

max
1≤l≤dn

max(ξl,j+1 − ξlj, j = 0, . . . Nn)

min(ξl,j+1 − ξlj, j = 0, . . . Nn)
≤ c2.

(A6) As n → ∞, Nn → ∞, dn → ∞, and d3
n N3

n log2(n)/nε
2dn
1 → 0, dn/ε

dn
1 Np

n → 0.

Remark 3.1 Assumptions (A1)–(A5) are commonly used assumptions in the nonparametric
regression literature. Assumption (A1) requires that the α-mixing coefficient decays to zero at
an exponential rate. Similar assumptions are assumed in Huang and Shen (2004), Huang and
Yang (2004) and Xue and Yang (2006). Assumptions similar to (A2)–(A5) are also considered in
Huang and Yang (2004), Jiang and Xue (2013) and Lian (2014). Assumption (A2) is a moment
condition. It follows from (A2) that the conditional variance of Yt given Xt = x is bounded on
x ∈ [0, 1]dn . It follows from Assumptions (A3) that the marginal destiny fl of Xl is bounded away
from zero and infinity on [0, 1]. Assumption (A4) constrains the smoothness of the original func-
tion. Assumption (A5) requires that the distances between any adjacent knots are of the same
order. In Assumption (A6), the number of predictors dn is allowed to increase at a certain rate
that depends on both the number of interior knots Nn and the sample size n.

Theorem 3.1 Suppose Assumptions (A1)–(A6) hold, let u2
n = ε

−dn
1 (d2

n N−2p
n + dnNn/n). Then

‖m̂ − m‖2
2,n + ‖m̂ − m‖2

2 = OP

(
d2

n N−2p
n + dnNn

n

)
,

‖m̂l − ml‖2
2,n + ‖m̂l − ml‖2

2 = OP(u2
n) for 1 ≤ l ≤ dn.

Theorem 3.1 established the rate of L2-convergence for the spline estimators m̂, {m̂l}dn
l=1 with

the number of predictors diverging with sample size n. Most of the literatures on polynomial
spline regression, such as, Stone (1985), Huang (1998) and Jiang and Xue (2013) established
the convergence rate only for fixed number of predictors. Theorem 3.1 also provided the
basis to study the orders of empirical strengths for important variables and redundant variables
respectively in Theorem 4.1.

Remark 3.2 In Theorem 3.1, if Nn � (ndn)
1/(2p+1), then we have the best balance in the bias

and variance trade-off and the asymptotic variance and the square of the asymptotic bias have
the same order. We call such choice of knot number as the optimal rate of Nn.

Remark 3.3 If one takes Nn � (ndn)
1/(2p+1), then condition (A6) requires that dn � log(n).



600 M. Yang et al.

4. Selection of significant variables

A natural question arising from fitting the full model (1) is whether the variables are all relevant.
The removal of redundant variables from model (1) can effectively reduce the dimensionality and
is vital for the modelling of high-dimensional time series data. Let S0 denote the set of indices of
significant variables. That is, the subset of variables {Xtl, l ∈ S0} provides the same information
on Yt as Xt = (Xt1, . . . , Xtdn) with

E(Yt | Xtl, l ∈ S0) = E(Yt | Xt), a.s.

The goal of this paper is to determine S0, the subset of relevant variables. Our idea is based
on the strength of each ml(xl) which is defined by λl = E{ml(Xl)}2, l = 1, . . . , dn. Thus λl = 0
if and only if ml(xl) ≡ 0 due to continuity of ml, l = 1, . . . , dn.

Order all the strengths from the largest to smallest as λs1 � λs2 � · · · � λsdn
� 0. Here sl is the

index of the variable whose strength is lth largest among dn variables. Define its strength ratio to
the cumulative total as

rl = λsl

λs1 + · · · + λsl

, l = 1, . . . , dn.

A nice property of strength ratio to the cumulative total is that it is monotone non-increasing that,
r1 � · · · ≥ rdn ≥ 0 and rl = 0 if and only if λsl = 0. Therefore, a variable with larger strength
also has larger strength ratio to cumulative total. Compared with original strength, this ratio to
cumulative total is scaled between 0 and 1. It only compares the relative size of each strength
and is not effected by the absolute size of the strengths. In particular, if the true additive model
only contains d0 non-zero components, then d0 = max{l : rl > 0} and S0 = {s1, . . . , sd0}.

But in practice ml(xl), l = 1, . . . , dn are all unknown. Therefore the empirical estimates of the
strengths λl are used instead. Let {m̂l}dn

l=1 be the estimate of the additive components as given in
Equation (5). Define the empirical strength of variable Xl as λ̂l = En{m̂2

l } for l = 1, . . . , dn. Let
λ̂q1 � λ̂q2 � · · · � λ̂qdn

� 0 be the ordered empirical strengths and ql be the index of the variable
whose empirical strength is l th largest among dn variables. Define the CUREST as

r̂l = λ̂ql

λ̂q1 + · · · + λ̂ql

, (6)

for l = 1, . . . , dn. Accordingly define d̂0 = max{l : r̂l > an} where an > 0 is a predefined thresh-
old value. Then Variable selection rule by CUREST is to select the subset Ŝ = {q1, . . . , qd̂0

}. Our
model selection result crucially depends on the choice of an. In general, a larger value of an

results a model with fewer variables. Too large value of an will incorrectly leave out important
variables, and too small value of an will keep redundant variables. We will consider in detail the
selection of an in Section 5. The following asymptotic theory provides a theoretical guidance on
the choice of an.

Theorem 4.1 Suppose that Assumptions (A1)–(A6) hold, and the number of important vari-
ables d0 = |S0| is fixed. Then one has maxl∈S0 |λ̂l − λl| = OP(un) and maxl∈SC

0
λ̂l = OP(ε

−dn
1 u2

n).

Theorem 4.1 shows the consistency of λ̂l as the estimators of λl, 1 ≤ l ≤ dn.

Theorem 4.2 Under the same conditions of Theorem 4.1. In addition, we assume

(A7) minl∈S0 λl = λmin ≥ c3 for positive constant c3.
(A8) The threshold an satisfies an → 0, ε−dn

1 u2
n/an → 0 as n → ∞.
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Then CUREST consistently selects the set of significant variables. That is, limn→∞ P(Ŝ =
S0) = 1.

Remark 4.1 Assumption (A8) gives conditions on the orders of an that result in consistent
model selection. In particular, if one sets Nn � (ndn)

1/(2p+1), which is the optimal rate of Nn

for fixed dn, then the threshold an → 0, but an  ε
−2dn
1 d(2p+2)/(2p+1)

n n−2p/(2p+1).

5. Implementation

In this section, we describe the actual implementation of the method proposed. Theorem 4.2 pro-
vides theoretical guidance on the choice of an. But in practice, we need a data-driven procedure
to select an appropriate value for an. We propose to select the threshold an through an additional
BIC step. Given the data set {(Yt, Xt)}n

t=1 from model (1), the proposed CUREST model selection
is implemented via the following procedure.

Step 1. At each Xtl, evaluate the B-spline basis of degree p − 1 (default p = 2) where equally
spaced knots are used with the number of knots Jn selected from

C = {Jn ∈ N : 0.5n−1/(2p+1) ≤ Jn ≤ min(2n−1/(2p+1), (n/4 − 1)d−1
n )}. (7)

And ĴOpt
n is the one minimising the BIC value with ĴOpt

n = arg minJn∈C BIC(Jn), where BIC =
log(MSE) + pnlog(n)/n and MSE = n−1 ∑n

t=1{Yt − m̂(Xt)}2 with m̂ defined in Equation (3) and
pn = dn(Ĵ

Opt
n + p − 1) + 1 is the number of estimated parameters.

Step 2. Find the estimators of each additive component {m̂l(xl)}dn
l=1 and their empirical

strengths {λ̂l}dn
l=1 through Equations (5) and (6). Order the variables by their empirical strengths

and let ql be the index of the variable whose empirical strength is lth largest among dn variables.
Step 3. For variables in the order of q1, . . . , qdn , calculate their values of CUREST until

the variable qd̂0+1 whose CUREST is less than an, where an is a predefined threshold and the

choice of it will be discussed in the following remark. Here d̂0 is the number of variables whose
CUREST is larger than an.

Step 4. Consider models ranging from {q1, . . . , qd̂1
} to {q1, . . . , qd̂2

}, where d̂1 = minql {λ̂ql >

2an}, d̂2 = minql {λ̂ql > 0.5an}. For each model, we estimate an additive model only with
those variables. Calculate the BIC value of a model with variables indexed by S as BICS =
log(MSES) + pSlog(n)/n, where MSES = n−1 ∑n

t=1{Yt − m̂S(Xt)}2, pS is the dimension of
corresponding estimation space GS .

Step 5. Select the model with the smallest BIC value.

Remark 5.1 According to our experience, only a small number of knots is needed to give ade-
quate approximations of most smooth functions. The range given in Equation (7) to search for
the optimal knot number works well in all numerical examples in the paper. In Equation (7),
the constraint that Jn ≤ (n/4 − 1)d−1

n ensures that the number of terms in the least square prob-
lem (4), 1 + dnJn, is no greater than n/4, which is necessary when the sample size n is moderate
and dimension dn is high.

Remark 5.2 The selection of the threshold an is crucial in the implementation of CUREST.
In general, a larger an leads to a smaller model. A too large value of an can erroneously delete
important variables from the model, and a too small value of an can unnecessarily keep redundant
variables. Theorem 4.2 gives useful theoretical guidance on the choice of an. In particular, if
we set Nn � (ndn)

1/(2p+1), the optimal rate for fixed and consider dn � {logn}0.75, which is the
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rate we used in our simulation, then the asymptotic order condition on an reduces to an → 0

and an  ε
−2log0.75

(n)

1 (log(n))(6p+6)/(8p+4)n−2p/(2p+1). We have used an = n0.1−2p/(2p+1)(logn)3/2.
It works well in our simulation studies. This choice also works for data with different values of
dn as long as dn � log(n).

6. Simulation study

In this section, we analyse some simulated data to illustrate the numerical performance of the pro-
posed CUREST method. Since the CUREST method can be applied to both AR and regression
models, we organise the simulation study according to these two kinds of models.

6.1. AR models

In this section, we examine seven additive AR processes similar to Huang and Yang (2004).
These models contain both linear and nonlinear structures. The dynamics of these pro-
cesses are described by the following equations, where ξt are i.i.d. N(0, 1) random
variables.

(1) ARI Yt = 0.5Yt−1 + 0.4Yt−2 + 0.1ξt.
(2) ARII Yt = −0.5Yt−1 + 0.4Yt−2 + 0.1ξt.
(3) ARIII Yt = −0.5Yt−5 + 0.5Yt−9 + 0.1ξt.
(4) NLARI Additive nonlinear AR(2) model

Yt = −0.4(3 − Y 2
t−1)/(1 + Y 2

t−1)

+ 0.6{3 − (Yt−2 − 0.5)3}/{1 + (Yt−2 − 0.5)4} + 0.1ξt.

(5) NLARII Additive exponential AR model

Yt = {0.4 − 2 exp(−50Y 2
t−6)}Yt−6 + {0.5 − 0.5 exp(−50Y 2

t−8)}Yt−8 + 0.1ξt.

(6) NLARIII Additive exponential AR model with sine and cosine terms

Yt = {0.4 − 2 cos(40Yt−6) exp(−30Y 2
t−6)}Yt−6

+ {0.55 − 0.55 sin(40Yt−8) exp(−10Y 2
t−8)}Yt−8 + 0.1ξt.

(7) NLARIUI Yt = −0.4(3 − Y 2
t−1)/(1 + Y 2

t−1) + 0.1ξt.

These processes differ in shape of the conditional mean function and the lag vector. All the
three linear processes are close to the border of nonstationarity. These processes are chosen to
have different auto-correlation patterns, and the significant lags have different signal sizes. For
sample sizes n = 50,100,250,500, realisations of size n + 420 are generated and the last n + 20
observations are taken as the observed time series. Here, the first 400 realisations are the ‘burn-
in’ period, the last 20 observations are used for prediction and the rest n observations are used
for model estimation. We generated 500 data sets from each of the above processes and carried
out lag selection for each replication using linear splines with p = 2. The lags were selected from
{1, 2, . . . , dn}, where dn = �3log0.75n�, the smallest integer greater than 3log0.75n. To be specific,
dn = 9, 10, 11, 12 when n = 50,100,250,500, respectively.

To graphically illustrate how the CUREST works, Figure 1 plots the CUREST values of the
first dn lags from NLARI model under different sample sizes. In Figure 1, the points denote
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the CUREST values and the dotted line locates the threshold value an described in Section 5.
Figure 1 clearly shows that the relevant lags (1,2) always have larger CUREST values than the
irrelevant ones, and the predefined threshold an correctly separates two relevant lags from the
irrelevant ones.

Table 1 reports the frequencies of overfitting, correct-fitting and underfitting for CUREST in
all models. An outcome is defined as correct-fitting, if Ŝ = S0; overfitting, if S0 ⊂ Ŝ; and under-
fitting, if S0 �⊂ Ŝ. In Table 1, the ‘Selection Result’ columns give the frequencies of underfitting
(U), correct-fitting (C) and overfitting (O) over 500 simulations. In addition, to assess the pre-
diction accuracy of the selected model by CUREST, we also considered linear polynomial spline
estimation of the full (FULL) and oracle (ORACLE) models. The full model is an AR model
that contains all dn lags and the oracle model only contains the relevant lags. The mean squared
prediction error (MSPE) columns report the MSPE for CUREST model, full model and oracle
model, respectively.

Table 1 shows that CUREST method performs reasonably well for all seven AR models. The
percentage of correct-fitting increases as the sample size increases. When the sample size is
500, the percentage of correct-fitting is 100% or very close to 100% for all seven models. This
supports the asymptotic consistency result in Theorem 4.2. Furthermore, Table 1 shows that the
MSPEs of CUREST are almost always smaller than those from FULL, and close to those from
ORACLE. It indicates that CUREST can not only result in a parsimonious model, but also has
better prediction performance than the full model. When sample size increases to 500, the MSPEs
of all three methods are close to 0.01, the variance of the random error.

Figure 2 plots several estimated functional components using CUREST and FULL in one
run for ARIII and NLARI models with n = 250. It shows that CUREST (a and b in each plot)
estimates the non-zero functional components very well, and it gives exactly zero estimates for
null functional components, which verifies Theorem 3.1.
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Figure 1. CUREST values in NLARI model for different sample sizes. In each plot, the dots denote the CUREST
values for each lag, and the dotted line locates the predefined threshold an.
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Table 1. Simulation results of model selection via CUREST.

Selection result (%) MSPE

Model n U C O CUREST FULL ORACLE

ARI 50 75.2 20.4 4.4 0.022 0.027 0.018
100 27.0 63.4 9.6 0.013 0.022 0.012
250 0.2 98.4 1.4 0.010 0.011 0.010
500 0.0 99.8 0.2 0.010 0.011 0.010

ARII 50 59.6 33.8 6.6 0.014 0.016 0.012
100 30.8 60.8 8.4 0.012 0.014 0.011
250 0.4 98.0 1.6 0.010 0.011 0.010
500 0.0 99.6 0.4 0.010 0.011 0.010

ARIII 50 12.8 80.0 7.2 0.012 0.015 0.011
100 7.8 87.6 4.6 0.011 0.014 0.011
250 0.0 100.0 0.0 0.010 0.011 0.010
500 0.0 100.0 0.0 0.010 0.010 0.010

NLARI 50 47.4 36.8 15.8 0.043 0.036 0.030
100 1.4 94.6 4.0 0.015 0.020 0.015
250 0.0 100.0 0.0 0.012 0.014 0.012
500 0.0 100.0 0.0 0.012 0.013 0.012

NLARII 50 83.0 11.0 6.0 0.017 0.020 0.016
100 58.0 32.4 9.6 0.015 0.018 0.014
250 15.0 84.0 1.0 0.012 0.014 0.012
500 0.0 98.8 1.2 0.011 0.012 0.011

NLARIII 50 64.8 22.0 13.2 0.026 0.028 0.020
100 15.8 69.0 15.2 0.019 0.024 0.018
250 0.0 98.0 2.0 0.017 0.019 0.017
500 0.0 100.0 0.0 0.016 0.017 0.016

NLARIUI 50 0.0 98.8 1.2 0.012 0.017 0.012
100 0.0 100.0 0.0 0.011 0.014 0.011
250 0.0 100.0 0.0 0.010 0.011 0.010
500 0.0 100.0 0.0 0.010 0.011 0.010

Notes: The columns of U, C, O summarise the percentage of underfitting (U), correct-fitting (C) and overfitting (O) in 500 replications,
respectively. The MSPE reports the averaged MSPE for CUREST, FULL, and ORACLE in 500 replications.

Table 2 compares the execution time and variable selection accuracy between CUREST
and the BIC method in Huang and Yang (2004). The BIC method was implemented in the
stepwise fashion as suggested in Huang and Yang (2004), and set �dn/2� to be the total num-
ber of candidate variables to be selected from. Both methods are carried out under the same
circumstance, that is, for model NLARI, using linear splines (p = 2), and 500 replications. Table 2
clearly shows that the proposed CUREST procedure is more computationally efficient. The BIC
method in Huang and Yang (2004) always takes much longer time than CUREST. When sam-
ple size is n = 1000 and dn = 100, BIC can take 187 times longer to compute than CUREST.
In terms of variable selection accuracy, Table 2 shows that CUREST also outperforms BIC
and the frequency of correct fitting for CUREST is always close to 100% regardless of sam-
ple size n and dimension dn. However, BIC has a noticeably higher percentage of overfitting
especially when the number of candidate lags are large (dn = 0.1n), which is consistent with
the theoretical results in Chen and Chen (2008). Instead of a directed stepwise search, a full
search over all sub-models may improve the selection accuracy of the BIC approach. But with
dimension as high as dn = 50, the full search over 250 subsets becomes infeasible. Figure 3
plots the CUREST values and the stepwise BIC values in one run when n = 250, dn = 25. In
Figure 3, the CUREST values are well ordered and two relevant lags (1,2) are clearly dis-
tinguished from the rest. However, the stepwise BIC method selects an overfitted model with
three lags.
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Figure 2. The estimated component functions using CUREST (dashed line), FULL (dotted line), and the true compo-
nent functions (solid line) in one run for ARIII and NLARI models with n = 250. Shown are the significant lags (a and
b) and two unimportant lags (c and d).
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Table 2. Comparison of execution time and accuracy of CUREST and BIC for NLAR I model under different dn and n.

Execution time (s) Accuracy (%)

CUREST BIC Ratio CUREST BIC

dn n U C O U C O

�3log0.75n� 250 17.41 55.21 3.17 0.0 100.0 0.0 0.0 91.6 8.4
500 31.90 73.56 2.31 0.0 100.0 0.0 0.0 96.2 3.8

1000 71.43 159.56 2.23 0.0 100.0 0.0 0.0 97.8 2.2

0.1n 250 17.64 376.42 21.34 0.0 100.0 0.0 0.0 77.6 22.4
500 61.29 4085.94 66.66 0.0 99.8 0.2 0.0 75.8 24.2

1000 337.54 63197.89 187.23 0.0 99.6 0.4 0.0 72.6 27.4

Notes: Execution time records the time spent for 500 replications and the ratio of BIC over CUREST. In each accuracy setup, three
columns give the frequencies of underfitting (U), correct-fitting (C), and overfitting (O), respectively.

6.2. Regression models

In this section we illustrate the performance of the proposed method by considering additive
regression models (2). The covariates {Xt = (Xt1, . . . , Xtdn)

T}n
t=1 are generated from the vec-

tor AR equation Xtl = �{(1 − a2)1/2Ztl} − 1/2, 1 ≤ l ≤ dn with stationary distribution Zt =
(Zt1, . . . , Ztdn)

T ∼ N(0dn , (1 − a2)−1), and

Z1 ∼ N(0dn , (1 − a2)−1), Zt = aZt−1 + εt, εt ∼ N(0dn , ), 2 ≤ t ≤ n,

 = (1 − ρ)Idn×dn + ρ1dn 1T
dn

, 0 ≤ a < 1, 0 ≤ ρ < 1,

where � is the standard normal distribution function, 1dn = (1, . . . , 1)T, and Idn×dn is the dn × dn

identity matrix. So {Xt}n
t=1 is geometrically α-mixing with marginal distribution U[−0.5, 0.5].

Larger value of a corresponds to stronger dependence among the observations over time, and in
particular, if a = 0, {Xt}n

t=1 are iid. The parameter ρ controls correlation among the dn covari-
ates Xt = (Xt1, . . . , Xt,dn). We consider a = ρ = 0.5 where both the dependence over time and
correlation between the covariates are moderately strong. We will test the method through the
following regression models:

5 10 15 20 25

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Index

C
U

R
E

S
T

5 10 15 20 25

-4
.0

-3
.5

-3
.0

-2
.5

-2
.0

Step

B
IC

Figure 3. Plots of CUREST values (left panel) and stepwise BIC (right panel) in one run when n = 250, dn = 25 for
NLARI model. The points in left panel are each lags’ CUREST values, and the dotted line presents the threshold an. The
points in right panel are the BIC values in each step and the solid vertical line separates the forward and backward stages.
In this run, the CUREST will correctly identify the true model since the important lags (1,2) are the only ones with their
CUREST values greater than an; however the BIC method falsely picks an overfitted model with three lags (the solid
point).
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(1) Model 1 Yt = 0.5 + Xt1 + Xt5 + Xt7 + Xt8 + 0.1ξt.
(2) Model 2

Yt = 0.5 +
√

3Xt2 + 1√
6
(2Xt4 − 1)2 + sin(2πXt6)

2 − sin(2πXt6)
+ 1√

2
cos(2πXt9) + 0.1ξt.

(3) Model 3

Yt = 0.5 + (1 − 2Xt3) exp(−X 2
t3) + 4

1 − X 2
t5

1 + X 2
t5

+
√

2g(Xt8) + 6�(3Xt9) + 0.1ξt,

where

g(x) = 0.1 sin(2πx) + 0.2 cos(2πx) + 0.3{sin(2πx)}2

+ 0.4{cos(2πx)}2 + 0.5{sin(2πx)}3.

In above three models, ξt are i.i.d. N(0, 1) random variables.

Similar to Section 6.1, we consider sample sizes 50,100,250,500 with the number of variables
dn = 9, 10, 11, 12 respectively. In addition, we also considered two more challenging cases with a
larger number of covariates. In particular, we considered dn = 0.1n with dn = 25, 50 for n = 250
and 500, respectively. A total of 500 data sets are generated from each of above three models.
Figure 4 takes Model 3 as an example to illustrate how CUREST method works. It plots the
CUREST values of each covariate and the location of the threshold an (dotted line). In Figure 4,
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Figure 4. CUREST values in Model 3 under different sample sizes. In each plot, the dots denote the CUREST values
for each variable, and the dotted line is the predefined threshold an.
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the relevant variables (3,5,8,9) all have higher CUREST values than the irrelevant ones, and the
threshold value an correctly separate the two groups especially when the sample size n is large.

Table 3 summarises the variable selection and prediction results for all three models. There
are two extra rows with n = 250∗, 500∗ for each model, which are the results when dn = 0.1n. It
shows that the correct-fitting frequency converges to 100% as n increases, and the MSPE of the
selected model invariably outperforms the full model and is closer to the oracle model.

Figures 5 and 6 plot the spline estimates of the additive components in Models 2 and 3 when
n = 100. Panels a, b, d, and e display the relevant variables, and panels c and f show several
irrelevant ones. The plots demonstrate the attractive property of spline estimates as well as the
difference between the important variables from the insignificant ones.

7. Real data analysis

In this section, we apply the CUREST method to analyse the US unemployment rate. The data
set we consider is the quarterly US unemployment rate time series from the first quarter of year
1948 to the last quarter of year 2000, denoted as {Rt}212

t=1, obtained from the website of US Bureau
of Labor Statistics and covers unemployed persons (in the labour force) of 16 years and older of
all ethnic origins, races, and sexes, without distinction of industries or occupations. The fourth
difference of the data is taken in order to eliminate seasonality. The resulting difference series
is denoted as {Yt}208

t=1, Yt = Rt+4 − Rt, 1 ≤ t ≤ 208. We leave out the last 20 periods of the data
(i.e. {Yt}208

t=189) for prediction exercise and use the rest of the series as training set.
We consider an additive AR model of form

Yt = fi1(Yt−i1) + · · · + fi1(Yt−ik ) + εt,

where the lags {i1, . . . , ik} are selected from {1, 2, . . . , dn} with dn = 11 using either CUREST or
stepwise BIC method. In CUREST, the threshold an = n0.1−2p/(2p+1)(logn)3/2, the same choice

Table 3. Simulation results of model selection via CUREST.

Selection result (%) MSPE

Model n U C O CUREST FULL ORACLE

Model 1 50 26.4 73.6 0.0 0.030 0.018 0.012
100 0.0 100.0 0.0 0.011 0.013 0.011
250 0.0 100.0 0.0 0.010 0.011 0.010
500 0.0 100.0 0.0 0.010 0.011 0.010
250∗ 0.0 100.0 0.0 0.010 0.012 0.010
500∗ 0.0 100.0 0.0 0.010 0.013 0.010

Model 2 50 74.2 25.8 0.0 0.234 0.194 0.139
100 25.0 75.0 0.0 0.142 0.143 0.123
250 0.2 99.8 0.0 0.115 0.122 0.115
500 0.0 100.0 0.0 0.111 0.114 0.111
250∗ 0.2 99.8 0.0 0.113 0.140 0.113
500∗ 0.0 100.0 0.0 0.109 0.136 0.109

Model 3 50 64.2 35.8 0.0 0.333 0.276 0.202
100 6.6 93.4 0.0 0.184 0.205 0.176
250 0.0 100.0 0.0 0.160 0.170 0.160
500 0.0 100.0 0.0 0.160 0.164 0.160
250∗ 0.0 100.0 0.0 0.163 0.198 0.163
500∗ 0.0 100.0 0.0 0.162 0.200 0.162

Notes: The columns of U, C, O summarise the percentage of underfitting (U), correct-fitting (C), and overfitting (O) in 500 replications,
respectively. The MSPE reports the averaged MSPEs for CUREST, FULL, and ORACLE in 500 replications. For each model, two extra
rows with n = 250∗, 500∗ give the results when dn = 0.1n.
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Figure 5. The estimated component functions using selected CUREST model (dashed line), full model (dotted line),
and the true component functions (solid line) in one run for Model 2 with n = 100. Shown are the significant variables
(a, b, d, and e) and two unimportant lags (c and f).
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(d) (e) (f)

Figure 6. The estimated component functions using selected CUREST model (dashed line), full model (dotted line),
and the true component functions (solid line) in one run for Model 3 with n = 100. Shown are the significant variables
(a, b, d, and e) and two unimportant lags (c and f).
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Table 4. Results for US unemployment data.

Model Lags MSPE MAPE

CUREST {1, 2} 0.030 0.134
Full {1, 2, . . . , 11} 0.054 0.198
AR(2) {1, 2} 0.040 0.152
AR(11) {1, 2, . . . , 11} 0.046 0.180

Note: Comparison of prediction performance of CUREST model, full model, AR
model selected by BIC (AR(2)) and full AR model (AR(11)).

for simulation studies. We also consider a linear AR model of order j : AR(j), where the optimal
order j is selected by the BIC method. All three variable selection procedures consistently select
lags 1 and 2 as relevant variables for both additive and linear models.

In addition, we compare the performance of selected models by their prediction performances.
The prediction performance is measured in terms of the MSPE and mean absolute prediction
error (MAPE), which are defined as

MSPE =
208∑

t=189

(Yt − Ŷt)
2, MAPE =

208∑
t=189

|Yt − Ŷt|,

where Ŷt are predictors produced by the selected model.
Table 4 reports the results on lag selection and prediction performance for the additive model

selected by CUREST and the optimal linear AR model. For comparison, we also considered
a full additive AR model and a full linear AR model with all 11 lags. It shows that CUREST
performs the best with the smallest prediction error. It illustrates that the parsimonious additive
AR model identified by proposed CUREST is not only of simpler structure, but also has better
prediction performance than the full model using all 11 lags. Furthermore, both additive models
have noticeably smaller prediction errors than the linear ones, which indicates that the quarterly
US unemployment data contains nonlinear structures that cannot be fully explained by the linear
AR models.

8. Discussion

The additive model is a powerful semiparametric tool for identifying nonlinear associations in
data with complicated structures. In this paper, we proposed a data-driven method to select
significant variables in additive model through a newly proposed CUREST. Model selection
consistency have been established under very broad assumptions on the data-generating process,
which allows data to be weakly dependent and the dimensionality of the full model to grow with
the sample size. Our empirical example also demonstrated its superior performance over the BIC
method in terms of speed and accuracy.

However, above numerical and theoretical properties of the proposed variable selection model
is established based on the assumption that the underlying regression model is additive, may not
be applicable for models that are not additive, such as, models with interactions or of serious
confounding covariates.
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Appendix

A.1. Technical lemmas

The B-spline basis is used in the proofs. With Jn = Nn + p, we denote the B-spline basis of Gl by bl =
(bl0, bl1, . . . , bl,Jn ). For 1 ≤ l ≤ dn, let Bl = (Bl1, . . . , Bl,Jn ) with

Blj =
√

Nn

(
blj − E(blj)

E(bl0)
bl0

)
, j = 1, . . . , Jn. (A1)

Let B = (1, B11, . . . , B1,Jn , . . . , Bdn ,1, . . . , Bdn ,Jn )
T, Rn = 1 + dnJn. Then B is a set of basis for G. The following

Lemma A.1 to A.5 focus on the properties of the B-spline basis B, and are extension work of those in Xue and Yang
(2006) to a high-dimensional situation.

Lemma A.1 For any 1 ≤ l ≤ dn, and the spline basis Blj of Equation (A1), one has

(i) E(Blj) = 0, E|Blj|k � Nk/2−1
n for k > 1, j = 1, . . . , Jn;

(ii) ‖∑Jn
j=1 cljBlj(xl)‖2

2 ≥ C
∑Jn

j=1 c2
lj.

Lemma A.2 Let ε1 be defined in Assumption (A3)

∥∥∥∥∥∥
dn∑

l=1

Jn∑
j=1

cljBlj(xl)

∥∥∥∥∥∥
2

2

≥ Cε
dn
1

dn∑
l=1

Jn∑
j=1

c2
lj.

The proof follows directly from Lemma 6 in Huang (1998).

Lemma A.3 〈B, B〉 = (〈Bi, Bj〉)Rn
i,j=1, 〈B, B〉2,n =(〈Bi, Bj〉2,n)

Rn
i,j=1, D=diag(〈B, B〉), Qn =sup |D−1/2(〈B, B〉−〈B, B〉2,n)

D−1/2|, where the sup is taken over all the elements in the random matrix. Then Qn = OP(

√
dn(Nnlog2(n)/n)).
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Proof We only consider the diagonal terms.
ξ = (En−E){B2

lj(xl)} = n−1 ∑n
t=1{B2

lj(Xl) − EB2
lj(Xl)} = n−1 ∑n

t=1 ξt , E(ξt) = 0,

E|ξt|k ≤ 2k−1[E{|B2
lj|k} + {E|B2

lj|}k] ≤ 2k−1{CkNk
n + (CNn)

k} ≤ ckNk
n for k ≥ 3,

E|ξt|2 = E[{B2
lj(Xl) − EB2

lj}2] = E(B4
lj) − {E(B2

lj)}2;

Since {E(B2
lj)}2 ≤ c, E(B4

lj) ≥ M −1
1

∫
B4

lj(xl) dxl ≥ cN2
n , one has E|ξt|2 ≥ cN2

n , E|ξt|k ≤ ckNk
n ≤ (cNn)

k−2k!E|ξt|2.

Apply Theorem 1.4 in Bosq (1998) to
∑n

t=1 ξt with Crammer constant cr = cNn.
That is, for any ε > 0, q ∈ [1, n/2] and k ≥ 3, one has

P

⎛
⎝ 1

n

n∑
t=1

ξt ≥ ε

√
dn

Nnlog2(n)

n

⎞
⎠

≤ a1 exp

⎛
⎜⎜⎝− qε2dn

Nnlog2
(n)

n

25m2
2 + 5crε

√
dn

Nnlog2
(n)

n

⎞
⎟⎟⎠ + a2(k)α

([
n

q + 1

])2k/(2k+1)

,

where

a1 = 2
n

q
+ 2

⎛
⎜⎜⎝1 + ε2dn

Nnlog2
(n)

n

25m2
2 + 5crε

√
dn

Nnlog2
(n)

n

⎞
⎟⎟⎠ ,

a2(k) = 11n

⎛
⎜⎜⎝1 + 5mk/(2k+1)

p

ε

√
dn

Nnlog2
(n)

n

⎞
⎟⎟⎠ , m2

2 = Eξ2
t , mp = ‖ξt‖p.

Observe that 5crε

√
dn(Nnlog2(n)/n) = 5εcNn

√
dn(Nnlog2(n)/n) = 5cε

√
dn(N3

n log2(n)/n) = o(1), a2(k) = O(n

(Nk/(2k+1)
n /

√
dn(Nnlog2(n)/n))) = O(n3/2(N−1/2(2k+1)

n /d1/2
n log(n))) = o(n3/2).

Take q = n/c0logn, then a1 = O(n/q) = O(logn).
Also note that, by Assumption (A1), one has

exp

⎛
⎜⎜⎝− qε2dn

Nnlog2
(n)

n

25m2
2 + 5crε

√
dn

Nnlog2
(n)

n

⎞
⎟⎟⎠ = exp

⎛
⎝− qε2dn

Nnlog2
(n)

n

25m2
2

(1 + o(1))

⎞
⎠ ,

α

([
n

q + 1

])
≤ cρ[n/(q+1)] ≤ c1 exp

([
n

q + 1

]
logρ

)

≤ c1 exp(logρ · c0 · logn).

For n large enough,

P

⎛
⎝ 1

n

n∑
t=1

ξt ≥ ε

√
dn

Nnlog2(n)

n

⎞
⎠ ≤ clogn exp

⎛
⎝− qε2dn

Nnlog2
(n)

n

50m2
2

⎞
⎠

+ c1n−3/2 exp(logρ · c0 · logn)

= cn−ε2dnNn/50m2
2 logn + c1nc0logρ−3/2.

Taking c0, ε, m large enough, one has that

∞∑
n=1

P

⎛
⎝sup |(〈B, B〉 − 〈B, B〉2,n)| ≥ ε

√
dn

Nnlog2(n)

n

⎞
⎠

≤
∞∑

n=1

R2
n

{
cn−ε2dnNn/50m2

2 logn + c1nc0logρ−3/2
}

<

∞∑
n=1

R2
nn−3/2 < ∞.

Then the lemma follows from Borel–Cantelli Lemma. �
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Lemma A.4 supφ1,φ2∈G |(〈φ1, φ2〉2,n − 〈φ1, φ2〉)/‖φ1‖‖φ2‖| = OP(d3/2
n N3/2

n log(n)/n1/2ε
dn
1 )

�=
OP(τn).

Proof With vector notation, we can write φ1 = aT
1 B, φ2 = aT

2 B for Rn × 1 vectors.

|〈φ1, φ2〉2,n − 〈φ1, φ2〉|

= |〈aT
1 B, aT

2 B〉2,n − 〈aT
1 B, aT

2 B〉| =
∣∣∣∣∣∣
〈

Rn∑
i=1

a1iBi,
Rn∑
j=1

a2jBj

〉
2,n

−
〈

Rn∑
i=1

a1iBi,
Rn∑
j=1

a2jBj

〉∣∣∣∣∣∣
=
∣∣∣∣∣∣

Rn∑
i,j=1

a1ia2j(〈Bi, Bj〉2,n − 〈Bi, Bj〉)
∣∣∣∣∣∣ ≤ CQn

Rn∑
i,j=1

|a1ia2j| = CQn

Rn∑
i=1

|a1i|
Rn∑
j=1

|a2j|

≤ CQn

√√√√Rn

Rn∑
i=1

a2
1i

√√√√√Rn

Rn∑
j=1

a2
2j = CQnRn

√
aT

1 a1aT
2 a2.

On the other hand, ‖φ1‖‖φ2‖ =
√

aT
1 〈B, B〉a1

√
aT

2 〈B, B〉a2 ≥ Cε
dn
1

√
aT

1 a1aT
2 a2. Then |(〈φ1, φ2〉2,n − 〈φ1, φ2〉)/

‖φ1‖‖φ2‖| ≤ |CQnRn

√
aT

1 a1aT
2 a2/Cε

dn
1

√
aT

1 a1aT
2 a2| = CQn(dnNn/ε

dn
1 ) = OP(d3/2

n N3/2
n log(n)/n1/2ε

dn
1 ). �

Lemma A.5 Let ε1 be defined in Assumption (A3)

∥∥∥∥∥∥
dn∑

l=1

Jn∑
j=1

cljBlj(xl)

∥∥∥∥∥∥
2

2,n

≥ Cε
dn
1

dn∑
l=1

Jn∑
j=1

c2
lj.

Lemma A.6 Let ε1 be defined in Assumption (A3). For h(x) = h0 + ∑dn
l=1 hl(xl) ∈ H

‖h‖2
2 ≥ Cε

dn
1

{
h2

0 +
dn∑

l=1

‖hl‖2
2

}
,

‖h‖2
2,n ≥ Cε

dn
1

{
h2

0 +
dn∑

l=1

‖hl‖2
2,n

}
with probability approaching to 1.

Proof The first inequality follows directly from Lemma 2 in Huang (1998). For 1 ≤ l ≤ dn, ‖hl‖2
2,n =

(1/n)
∑n

t=1 h2
l (Xtl) = ‖hl‖2

2 + OP(n−1/2) by central limit theorem. Therefore

Cε
dn
1

{
h2

0 +
dn∑

l=1

‖hl‖2
2,n

}
= Cε

dn
1

[
h2

0 +
dn∑

l=1

{‖hl‖2
2 + OP(n−1/2)}

]

= Cε
dn
1

{
h2

0 +
dn∑

l=1

‖hl‖2
2

}
+ OP

(
ε

dn
1 dn√

n

)
,

which completes the proof. �

A.2. Proof of Theorem 3.1

In this part we will illustrate that the B-spline estimators are consistent for both the regression function m and additive
components ml , 1 ≤ l ≤ dn.

Let Y = (Y1, . . . , Yn)
T, m = {m(X1), . . . , m(Xn)}T, E = (ε1, . . . , εn)

T. Then Y = m + E. Let m̂ = ProjnY=Projn

m+ProjnE �= m̃ + ẽ, where ProjnV is the projection of vector V on the estimation space G with respect to the
empirical inner product. According to de Boor (2001), for 1 ≤ l ≤ dn, there exists C > 0 and gl ∈ G

0
l such that
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‖gl − ml‖∞ ≤ CN−p
n . Let mn(x) = m0 + ∑dn

l=1 gl(xl) ∈ G. One has

‖m − mn‖2 ≤
dn∑

l=1

‖gl − ml‖2 ≤
dn∑

l=1

‖gl − ml‖∞ ≤ CdnN−p
n . (A2)

Similarly ‖m − mn‖2,n ≤ CdnN−p
n . Then by the projection property, one has ‖m − m̃‖2,n ≤ ‖m − mn‖2,n ≤ CdnN−p

n a.s..
It also implies ‖m̃ − mn‖2,n ≤ ‖m̃ − m‖2,n + ‖m − mn‖2,n ≤ CdnN−p

n . By Lemma A.4, ‖m̃ − mn‖2 ≤ ‖m̃ − mn‖2,n ×
(1 + τn) = OP(dnN−p

n ). Together with Equation (A2), one has ‖m̃ − m‖2 = OP(dnN−p
n ).

Next we consider the variance term, ẽ, which can be written as ẽ = ∑Rn
j=1 ajφj, where {φj, 1 ≤ j ≤ Rn} is an orthonor-

mal basis of G relative to empirical inner product. Then aj = 〈E, φj〉2,n = (1/n)
∑n

t=1 εtφj(Xt), ẽ = ∑Rn
j=1 ajφj =∑Rn

j=1〈E, φj〉2,nφj. Therefore ‖ẽ‖2
2,n = ‖∑Rn

j=1 ajφj‖2
2,n = ∑Rn

j=1 a2
j = ∑Rn

j=1〈E, φj〉2
2,n.

From Assumption (A2), there exists M > 0, σ 2(x) ≤ M for all x. One has for any 1 ≤ j ≤ Rn

E{〈E, φj〉2
n} = 1

n2

n∑
t,t′=1

E{φj(Xt)εtφj(Xt′ )εt′ } = 1

n2

n∑
t,t′=1

E[φj(Xt)φj(Xt′ )E{εtεt′ | X}]

= 1

n2

n∑
t,t′=1

E{φj(Xt)σ
2(Xt)} ≤ M

n
‖φj‖2

2,n = M

n
.

Hence E{‖ẽ‖2
2,n} ≤ Rn(M/n) and therefore ‖ẽ‖2

2,n = OP(dnNn/n). Together with Lemma A.4, ‖ẽ‖2
2 = OP(dnNn/n).

In conclusion, ‖m̂ − m‖2
2,n + ‖m̂ − m‖2

2 = OP(d2
n N−2p

n + dnNn/n). By Lemma A.6 Cε
dn
1

∑dn
l=1 ‖m̂l − ml‖2

2 ≤
‖m̂ − m‖2

2, then for any 1 ≤ l ≤ dn

‖m̂l − ml‖2
2 ≤ ε

−dn
1 ‖m̂ − m‖2

2 = OP

(
ε
−dn
1 d2

n N−2p
n + ε

−dn
1

dnNn

n

)
= OP(u2

n).

Hence ‖m̂l − ml‖2
2 = OP(u2

n), similarly ‖m̂l − ml‖2
2,n = OP(u2

n), which completes the proof of Theorem 3.1.

Lemma A.7 maxl∈SC
0

‖m̂l‖2
2,n = OP(ε

−dn
1 u2

n).

Proof By Theorem 3.1, for l ∈ S0, ‖m̂l − ml‖2
2,n = OP(u2

n). Then ‖∑l∈S0
(m̂l − ml)‖2

2,n = OP(u2
n). Note that∑

l∈SC
0
(m̂l − ml) = (m̂ − m) − ∑

l∈S0
(m̂l − ml), therefore

∥∥∥∥∥∥∥
∑
l∈SC

0

(m̂l − ml)

∥∥∥∥∥∥∥
2,n

≤ ‖m̂ − m‖2,n +
∥∥∥∥∥∥
∑
l∈S0

(m̂l − ml)

∥∥∥∥∥∥
2,n

,

which yields to

∥∥∥∥∥∥∥
∑
l∈SC

0

(m̂l − ml)

∥∥∥∥∥∥∥
2

2,n

= OP

((
d2

n N−2p
n + dnNn

n

)
+ u2

n

)
= OP(u2

n).

Applying Lemma A.6, one has
∑

l∈SC
0

‖(m̂l − ml)‖2
2,n ≤ Cε

−dn
1 ‖∑l∈SC

0
(m̂l − ml)‖2

2,n =OP(ε
−dn
1 u2

n). On the other hand,

maxl∈SC
0

‖m̂l‖2
2,n ≤ ∑

l∈SC
0

‖(m̂l − ml)‖2
2,n. Combine these together, we have maxl∈SC

0
‖m̂l‖2

2,n = OP(ε
−dn
1 u2

n). �

A.3. Proof of Theorem 4.1

According to Theorem 3.1, one has ‖m̂l − ml‖2,n + ‖m̂l − ml‖2 = OP(un) for 1 ≤ l ≤ dn.
If ml = 0, then λl = 0, hence |λ̂l| = ‖m̂l‖2

2,n = ‖m̂l − ml‖2
2,n = OP(u2

n).

If ml �= 0, note that by definition ‖ml‖2
2,n − ‖ml‖2

2 = n−1 ∑n
t=1[m2

l (Xtl) − E{m2
l (Xtl)}] which according to cen-

tral limit theorem for α-mixing processes, converges to a Gaussian distribution at a rate of n−1/2, hence
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‖ml‖2
2,n − ‖ml‖2

2 = OP(n−1/2) and ‖ml‖2,n = OP(1). Consequently

|λ̂l − λl| = |‖m̂l‖2
2,n − ‖ml‖2

2| ≤ |‖m̂l‖2
2,n − ‖ml‖2

2,n| + |‖ml‖2
2,n − ‖ml‖2

2|
= |‖m̂l − ml + ml‖2

2,n − ‖ml‖2
2,n| + OP(n−1/2)

= |‖m̂l − ml‖2
2,n + 2〈m̂l − ml , ml〉2,n| + OP(n−1/2)

≤ ‖m̂l − ml‖2
2,n + 2‖m̂l − ml‖2,n‖ml‖2,n + OP(n−1/2).

One therefore obtains |λ̂l − λl| = OP(u2
n) + OP(un) + OP(n−1/2) = OP(un). The second equation follows from

Lemma A.7. This completes the proof of Theorem 4.1.

A.4. Proof of Theorem 4.2

According to Lemma A.7, maxl∈SC
0

|λ̂l| = maxl∈SC
0

‖m̂l‖2
2,n = OP(ε

−dn
1 u2

n) = o(1). On the other hand, the definition

of S0 ensures that minl∈S0 λl = λmin > 0. Therefore by Theorem 4.1, minl∈S0 |λ̂l| ≥ λmin + OP(un). Thus ordering by
empirical strengths λ̂l puts each l ∈ S0 ahead of any l /∈ S0 with probability approaching 1. Denote d0 = |S0|, i.e. number
of elements in the true model.

We next show that as n → ∞
P(d̂0 < d0) → 0, (A3)

P(d̂0 > d0) → 0. (A4)

To prove Equation (A3), note that d̂0 < d0 implies that qd̂0
, qd̂0+1 ∈ S0 and thus

r̂d̂0+1 =
λ̂qd̂0+1

λ̂q1 + · · · + λ̂qd̂0+1

�
λqd̂0+1

+ OP(un)∑
l∈S0

λl + OP(un)
�

λqd̂0+1∑
l∈S0

λl
+ OP(un) > an,

with probability approaching 1, since by definition an � un. This contradicts the definition of d̂0 = max{l : r̂l > an}.
To prove Equation (A4), note that d̂0 > d0 implies that qd̂0

/∈ S0, then λqd̂0
= 0 and λ̂qd̂0

= OP(ε
−dn
1 u2

n). Therefore

r̂d̂0
=

λ̂qd̂0

λ̂q1 + · · · + λ̂qd̂0

≤ OP(ε
−dn
1 u2

n)

λmin + OP(un)
= OP(ε

−dn
1 u2

n) ≤ an,

with probability approaching 1, since by definition ε
−dn
1 u2

n � an. This again contradicts the definition of d̂0 = max
{l : r̂l > an}.

Equations (A3) and (A4) together complete the proof of Theorem 4.2.
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