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Abstract
Estimation and testing is studied for functional data with temporally dependent errors,
an interesting example of which is the event-related potential (ERP). B-spline estimators are formulated for individual smooth trajectories and their population mean
as well. The mean estimator is shown to be oracally efficient in the sense that it is as
efficient as the infeasible mean estimator if all trajectories had been fully observed
without contamination of errors. The oracle efficiency entails asymptotically correct
simultaneous confidence band (SCB) for the mean function, which is useful for making inference on the global shape of the mean. Extensive simulation experiments with
various time series errors and functional principal components confirm the theoretical conclusions. For a moderate-sized ERP data set, multiple comparison is made by
constructing paired SCBs among four different stimuli, over three components N450,
N1, and N2 separately or simultaneously, leading to interesting findings.
Keywords B-spline · Event-related potentials · Oracle efficiency · Simultaneous
confidence band · Stimulus
Mathematics Subject Classification 62M86 · 62P15 · 62G05 · 62G20

1 Introduction
The term functional data refers to collections of randomly sampled functions which
arise from many scientific disciplines such as food science, medical, and neuroscience;
see Ramsay and Silverman (2002), Ramsay and Silverman (2005) and Hsing and
Eubank (2015). Functional data analysis has developed the same way multivariate
data analysis has: from exploratory and inferential studies (Degras 2011; Cao et al.
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2012, 2016; Wang et al. 2020), to regression studies both as predictors and as responses
(Bosq 2000; Li and Hsing 2007). Since the mean of functional data is itself a function,
the advanced tool of simultaneous confidence band (SCB) proves convenient for its
statistical inference, which is analogous to multivariate confidence region for vector
parameters.
Along this line of thinking, SCB of the mean function has been extensively studied
in the existing literature; see Ma et al. (2012), Gu et al. (2014), Zheng et al. (2014) for
sparse longitudinal data and Degras (2011) and Cao et al. (2012) for dense functional
data, respectively. In all these existing works, measurement errors that contaminate
raw observations are always presumed independent.
Serially correlated error, however, is a common phenomenon in the processing of
physiological signals (Angelini et al. 2003), such as the event-related potential (ERP)
signals, which is the segment of electroencephalogram (EEG) signal recorded while
participants go through certain stimuli. ERP data play an important role in cognitive
neuroscience since it sheds light on how brain reacts in real time to a defined event
(Luck 2014). The ERP data fit well the concept of dense functional data (Li and Hsing
2010) as modern equipment collects EEG data at sampling rate in the hundreds per
second.
The number of participants of the ERP experiment typically ranges from small
(dozens) to moderate (hundreds) as subjects have to undergo tedious preparation before
experiment starts. It is widely recognized that ERP data are noisy with correlated errors
since it is contaminated by different artifacts (like eye movements, muscle artifacts,
electrocardiogram, etc.); see Luck (2014) and Kropotov (2016). Functional mixedeffect models for ERP data were proposed in Davidson (2009) which had noted positive
temporal correlatedness among residual errors decreasing as a function of time.
ERP data have been widely studied in psychology for its connection with neuroscience. To better understand the neurological mechanism, the collected EEG signal is
usually segmented into several components, which is defined as the particular periods
with specific attributes. According to Luck (2014), “the peaks are labeled P1, N1, P2,
N2, and P3. P and N are traditionally used to indicate positive-going and negativegoing peaks, respectively, and the number simply indicates a peak position within the
waveform” page 10, and also on page 11 “The initial peak (P1) is an obligatory sensory
response that is elicited by visual stimuli no matter what task the subject is doing (task
variations may influence P1 amplitude, but no particular task is necessary to elicit a
P1 wave). In contrast, the P1 wave is strongly influenced by stimulus parameters, such
as luminance.”
The components N1 and P2 are believed to relate to the processing of auditory
information by Pereira et al. (2014), and since both are reduced even at the first hospitalization for schizophrenia, they can be viable electrophysiological endophenotypes
for the disorder (Salisbury et al. 2010). The component P300 is related to cognitive
process Anderer et al. (1996), while components N400 and P600 language processing
(Swaab et al. 2012).
Extensive research exists on these ERP components, which focus on response comparison under different stimuli among other things; see Pereira et al. (2014), Antal et al.
(2000), O’Donnell et al. (2004), Anderer et al. (1996), and Mograss et al. (2009). Typical procedures for handling the ERP data include simple ANOVA for peak amplitude
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of the interested component(s) (Pereira et al. 2014; Salisbury et al. 2010; Anderer et al.
1996; Felmingham et al. 2002; O’Donnell et al. 2004), average of the component(s)
across time (Mograss et al. 2009; Antal et al. 2000), and the signal at each observation point one at a time (Antal et al. 2000). Each of these approaches reduces the
infinite-dimensional raw data to dimension one and loses a great deal of information,
leading to unreliable statistical inference. Point-by-point comparison also introduces
the difficulty of multiple testing. A smarter approach is to treat the ERP component
data as functional with inference done by borrowing the strength of SCB introduced in
Cao et al. (2012). This requires that the construction of SCB be extended to functional
data with serially dependent errors, as previously

 discussed.
To be precise, an ERP datum takes the form { Yi j , j/N , 1 ≤ i ≤ n, 1 ≤ j ≤ N }
where Yi j denotes the jth observation of the ith subject satisfying equation
Yi j = ηi ( j/N ) + σi ( j/N ) εi j

(1)

in which ηi (·) is a latent smooth trajectory for subject i
ηi (·) = m (·) + Z i (·) ,

(2)

where the deterministic function m (·) denotes the common population mean, the
random Z i (·) subject-specific small variation with EZ i (·) ≡ 0. The functions σi (·)
are subject-specific standard deviation functions, and measurement error εi j has mean
0, variance 1.
To accommodate serially correlated errors in functional data such as ERP, one may
 ∞,∞
 n,N
view the errors εi j i=1, j=1 as embedded in εi j i=1, j=−∞ with an MA(∞) structure
εi j =

∞

t=0

ait ζi, j−t , ait ∈ R,

∞


ait2 ≡ 1, i ∈ N+ ,

(3)

t=0

 
in which for each i ∈ N+ , the innovations ζi, j j∈Z are i.i.d. with Eζi, j =
0, Eζi,2 j = 1, independent over i ∈ N+ , and independent of the {ξik }i≥1,k≥1 . The
∞,∞
coefficients {ait }i=1,t=0
decay geometrically in t, i.e., |ait | ≤ aρ t−1 for constants
a > 0, ρ ∈ (0, 1). Note that classic MA(∞) is a rather broad category, which includes
as a special case the widely used causal ARMA( p, q), see Theorem 3.1.1 of Brockwell
and Davis (1991), and geometric decay holds for MA coefficients of causal ARMA
model according to equation (3.3.6) of Brockwell and Davis (1991). In the special
case of ai0 ≡ 1, all errors εi j ≡ ζi, j are independent, which correspond to Degras
(2011), Cao et al. (2012, 2016) , Wang et al. (2020), etc.
The trajectories ηi (·) are i.i.d. realizations of {η (x) , x ∈ [0, 1]}, a continuous stochastic process defined on [0, 1], with E supx∈[0,1] |η (x)|2 < +∞. The


 

ηx
=
covariance
function
is denoted by G x, x  = Cov η(x),
  of η (·)


Cov Z i (x) , Z i x , x, x  ∈ [0, 1]. Since G x, x  is continuous in x, x  , Mercer
lemma
λ1 ≥ λ2 ≥ · · · ≥
 (Hsing and Eubank 2015) entails that there exist eigenvalues
∞
}
{ψ
λ
<
∞,
and
corresponding
eigenfunctions
of
G
x, x  , which is
0, ∞
k k=1
k=1 k
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an
basis
of L 2 ([0, 1]), such that G x, x  = ∞
k=1 λk ψk (x) ψk x ,
 orthonormal




G x, x  ψk x  d x  = λk ψk (x). The well-known Karhunen–Loè ve representation
(Hsing and Eubank 2015) indicates that ηi (x) can be rewritten as ηi (x) = m (x) +

∞
k=1 ξik φk (x), where functional principal component (FPC)
√ scores {ξik }1≤i≤n,k≥1
are uncorrelated with mean 0 and variance 1 and φk (x) = λk ψk (x) the rescaled
eigenfunctions; see Wang et al. (2020).
Our goal is to construct SCB for the mean function m (·) based on raw data
 n,N
 n,N
Yi j i=1, j=1 from (1) with hidden MA(∞) errors εi j i=1, j=1 following model (3).
This not only extends Cao et al. (2012), it also comes with another enhancement taking
account realistic scenarios such as ERP data: The independent innovations
∞,∞
 into
ζi, j i=1, j=−∞ may have different distributions for each 1 ≤ i ≤ n, as long as such
distributions are finite in number. Furthermore, one serious drawback of Cao et al.
(2012) is the assumption that measurement number N is dominated by some power
n θ of the sample size n, which is intuitively unreasonable since a greater number of
measurements provide more information leading to more precise estimation. In this
paper, a more realistic assumption is taken that the sample size n is dominated by
power N θ of the measurement number N . Another notable innovation in our work is
the introduction of subject-specific standard deviation functions σi (·), which offers
additional flexibility.
The paper is organized as follows. Section 2 introduces the B-spline estimator
of the mean function m (·) with accompanying SCB and oracle efficiency. Section 3 discusses details about constructing proposed SCB from the functional data.
Section 4 contains simulation studies of the SCB, and real data application of the
SCB is included in Sect. 5. Technical proofs of all results are in the Supplementary
material.

2 Main results
This section introduces the B-spline and studies asymptotic properties for the B-spline
mean function estimator.
Denote by 0 < t1 < · · · < t Js < 1 equally divided segments of interval [0, 1], in
s
which {t } J=1
are called interior knots. For any positive integer p, let t1− p = · · · =
Js
subintervals
t0 = 0 and t Js +1 = · · · = t Js + p = 1 be auxiliary knots. Denote by {I }l=0

Js + p
p−2)
(
I = t , t +1 ). Let S
=
=1 λ , p B , p (x) λ , p ∈ R, x ∈ [0, 1] be the
space of polynomial splines of order p, in which {B , p (x), 1 ≤ ≤ Js + p} are the
pth order B-spline basis functions defined in de Boor (2001); see also Wang (2012).
The ith subject’s trajectory ηi (·) is estimated by B-spline as

ηi (·) =

J
s+p

λ

, p,i B , p

(·) , 1 ≤ i ≤ n,

(4)

=1

with coefficients satisfying
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λ1, p,i , . . . , λ Js + p, p,i =

argmin
(λ1, p ,...,λ Js + p, p )∈R Js + p

⎧
N ⎨

j=1

⎩

Yi j −

J
s+p

λ

,p B ,p

=1

( j/N )

⎫2
⎬
⎭

.

The mean function m (·) is estimated as plug-in sample average
n


m (·) = n −1

ηi (·) .

(5)

i=1

If true trajectories ηi (·) were observed, m (·) could be estimated as
m (·) = n −1

n


ηi (·).

(6)

i=1

Nevertheless, this is an infeasible estimator since the observed data are always contaminated with errors. It, however, serves as a benchmark to study the property of m (·).
n
n
of unobserved functional “data set” {ηi (·)}i=1
The B-spline reconstruction {ηi (·)}i=1
gives one n functions ηi (·) to analyze, hence the phrase “functional data” in our title.
In contrast, the mixed-effect model of Davidson (2009) is more appropriate for sparse
longitudinal data when individual trajectories ηi (·) cannot be recovered, and inference for mean function m (·) is done by pooling observations from all n subjects as a
nonparametric regression with serially correlated errors; see for instance Wang et al.
(2005), Ma et al. (2012) , Gu et al. (2014), and Zheng et al. (2014).
For any function ϕ (·) defined on [0, 1], ϕ ∞ = supx∈[0,1] |ϕ (x)|, and ϕ (q) (·) its
qth derivative. For an integer q ≥ 0 and some real value μ ∈ (0, 1], write H(q,μ) [0, 1]
as the space of functions with μ-Hölder continuous q-derivatives, i.e.,

H

(q,μ)

[0, 1] = ϕ : [0, 1] → R ϕ

q,μ =

sup

x,y∈[0,1],x =y


ϕ (q) (x)−ϕ (q) (y)
< +∞ ,
|x − y|μ

in which ϕ q,μ denotes the (q, μ)-Hölder seminorm of ϕ.
We first list with constraints all constants related to the model:
μ ∈ (0, 1] , ν ∈ (0, 1], q ∈ N+ , p ∗ = q + μ,



2 p∗
,
θ ∈ 0, min 2ν,
1 + p∗



θ
θ
θ
,
β2 ∈ 0, min 1/2, ν − , 1 − − ∗
2
2 2p


4θ
,
r0 > max 4, ∗
2 p (1 − β2 − θ/2) − θ

(7)
(8)
(9)
(10)

and a smoothing parameter γ


max 1 − ν, θ (1 + 4/r0 ) /2 p ∗ < γ < 1 − β2 − θ/2.
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The constraints (7), (8), (9), ( 10), and (11) make the following technical assumptions sequentially feasible:
(A1) The mean function m (·) ∈ H(q,μ) [0, 1] for q, μ in (7).
(A2) The standard deviation functions σi (·) ∈ H(0,ν) [0, 1] for ν in (7), with
max1≤i≤n σi 0,ν + max1≤i≤n σi ∞ < Cσ .
(A3) As N → ∞, n = n (N ) = O N θ for θ in (8).
(A4) There exists C G > 0 such that
, ∀x ∈ [0, 1]. The rescaled FPCs
 G (x, x) ≥ C G
∞
φ
+
φk (·) ∈ H(q,μ) [0, 1] with ∞
k
q,μ
k=1
k=1 φk ∞ < +∞ for q, μ in
(7).
(A5) On the probability space (Ω, A, P) are
 scores {ξik }i≥1,k≥1 independent
 FPC
over k ≥ 1 and i.i.d. over i ≥ 1, ζi, j i≥1, j∈Z independent over i ≥ 1
 
and i.i.d. over j ≥ 1, and ζi, j i≥1, j∈Z independent of {ξik }i≥1,k≥1 , The
r0
number of distinct distributions of ξik is finite with maxk≥1
 1k | < ∞
 E|ξ
for r0 in (10). The number of distinct distributions for ζi,1 i≥1 and dis

variables
tinct sets of (ait )∞
t=0 i≥1 is also finite. There exist i.i.d. N (0, 1)



n,∞
n,N

Uik,ξ i=1,k=1 , Ui, j,ζ i=1, j=1−t on a new probability space Ω̃, Ã, P̃ ,
N
c1 , c2 > 0, γ1 , γ2 ∈ (1, +∞) , β1 ∈ (0, 1/2) and β2 in (9), such that for
ω
increasing positive integers {kn }∞
n=1 , where kn = O (n ) for some ω > 0

P

P

max max

1≤k≤kn 1≤t≤n

⎧
⎨

t


ξik −

i=1

max
max
⎩1≤i≤n 1−t N ≤ j≤N

t



Uik,ξ > n

β1

< c1 n −γ1 ,

i=1
j

j  =1−t N

⎫
 ∗ β2 ⎬


 −γ
ζi, j  − Ui, j  ,ζ > N
< c2 N ∗ 2 ,
⎭


in which N ∗ = N + t N , t N = cς log N for some cς > −10/ log (ρ),
with [·] denoting the integer part of a real number. To avoid complex nota n,N
n,∞
, ζi, j i=1, j=1−t are used to represent random variables on
tions, {ξik }i=1,k=1
N


Ω̃, Ã, P̃ with the same joint distribution, and P to represent P̃.
(A6) The spline order p ≥ p ∗ , the number of interior knots Js = N γ d N with
d N + d N−1 = O (logτ N ) for some τ > 0 as N → ∞, where γ is defined in
(11).
(A5’) The FPC scores {ξik }i≥1,k≥1 are independent over k ≥ 1 and i.i.d. over i ≥ 1,
with finite number
of distinct distri The number

  of distinct distributions.
is
finite.
There exist
butions for ζi,1 i≥1 and distinct sets of (ait )∞
t=0 i≥1
constants r1 > 4 + 2ω, r2 > 4 + 2θ , for some ω > 0 and θ in (8), such that
maxi≥1 E|ζi,1 |r2 + maxk≥1 E|ξ1k |r1 < ∞.
Standard in spline estimation, Assumptions (A1)–(A2) control the smoothness of
functions m (·) and σi (·) (see Cao et al. 2012; Song and Yang 2009). Assumption
(A3) specifies the relationship between n and N . The bounded smoothness of the
principal components is satisfied under Assumption (A4). Assumption (A5) provides
 n,N
strong Gaussian approximations of i.i.d. innovations ζi, j i=1, j=1−t and FPC scores
N
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n,kn
{ξik }i=1,k=1
, so the main results hold without data having to be Gaussian. The independence over k ≥ 1 of the FPC scores {ξik }i≥1,k≥1 is to ensure the independence

n,∞
of all Gaussian approximation variables Uik,ξ i=1,k=1 , so that m (·) − m (·) can be
approximated by a Gaussian process with simple covariance structure. Assumption
(A5) is guaranteed by the more elementary Assumption (A5’) below together with
Assumption (A3), see Lemma S.6 in the Supplementary material. Assumption (A6)
makes constraints on the number of interior knots Js and the measurement times N .

Remark 1 The assumptions above provide a very mild constraint on the smoothness of
functions and spline parameters. They can easily be satisfied in real data analysis. One
simple example of the above parameters q, μ, θ , p, γ is as follows: q + μ = p ∗ = 4,
ν = 1, r0 > 4, θ = 1, p = 4 (cubic spline), γ = 3/8 and d N  log log N , in which
an  bn means an and bn are asymptotically equivalent.
2.1 Oracle efficiency
The next theorem states oracle efficiency of the spline estimator m (·).
Theorem 1 Under Assumptions (A1)–(A6), the spline estimator m (·) is asymptotically
equivalent to m (·) up to order n 1/2 , i.e., as n → ∞
m−m

∞

= sup |m (x) − m (x)| = oa.s (n −1/2 ).
x∈[0,1]

Let ζ (x), x ∈ [0, 1] be a standardized Gaussian process with Eζ (x) ≡ 0,
Eζ 2 (x) ≡ 1, x ∈ [0, 1] and covariance function



−1/2
 
, x, x  ∈ [0, 1].
Eζ (x) ζ x  = G x, x  G (x, x) G x  , x 
Denote by Q 1−α the 100 (1− α)th percentile of the absolute
maxima distribution

of ζ (x), ∀x ∈ [0, 1], i.e., P supx∈[0,1] |ζ (x)| ≤ Q 1−α = 1 − α and z 1−α/2 as the
100 (1 − α/2)th quantile of the standard normal distribution.
The following theorem
√
states the infeasible estimator m (x) converges at the n rate for any confidence level
α ∈ (0, 1).
Theorem 2 Under Assumptions (A1), (A3)–(A5), as n → ∞, the infeasible estimator
m (·) converges to m (·) at rate n 1/2
P supx∈[0,1] n 1/2 |m(x) − m(x)| G (x, x)−1/2 ≤ Q 1−α → 1 − α,
P n 1/2 |m(x) − m(x)| G (x, x)−1/2 ≤ z 1−α/2 → 1 − α, ∀x ∈ [0, 1] .
Consequently,
P supx∈[0,1] n 1/2 |m(x) − m(x)| G (x, x)−1/2 ≤ Q 1−α → 1 − α,
P n 1/2 |m(x) − m(x)| G (x, x)−1/2 ≤ z 1−α/2 → 1 − α, ∀x ∈ [0, 1] .
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One last step for constructing SCB of m (·) is to estimate the unknown covariance
function G (·, ·). One method of moment plug-in estimator of G (·, ·) is:
n

  

 

{ηi (x) − m (x)} ηi x  − m x  ,
G x, x  = n −1

(12)

i=1

which mimics an infeasible method of moment estimator
n

  

 

{ηi (x) − m (x)} ηi x  − m x  .
G x, x  = n −1

(13)

i=1

Proposition 1 Under Assumptions (A1)–(A6), as n → ∞,






G − G  =
sup
G x, x  − G x, x  = oa.s (1),
∞


G − G 

(x,x  )∈[0,1]2

∞



G − G 

∞

=
=

sup
(x,x  )∈[0,1]2

sup
(x,x  )∈[0,1]2

(14)





G x, x  − G x, x  = oa.s (1),

(15)





G x, x  − G x, x  = oa.s (1).

(16)

Inference for mean function m (·) is then done via the following.
Corollary 1 Under Assumptions (A1)–(A6), an asymptotic 100 (1 − α) % correct SCB
for m (·) is
m (x) ± G (x, x)1/2 Q 1−α n −1/2 ,
and the 100 (1 − α) % pointwise confidence interval for m (x) is given as
m (x) ± G (x, x)1/2 z 1−α/2 n −1/2 .
Theorem 2 extends to two samples. For functional data collection from two populations, denoted by d = 1, 2, the model can be rewritten as
Ydi j = m d ( j/Nd )+

∞


ξdik φdk ( j/Nd )+σdi ( j/Nd ) εdi j , 1 ≤ i ≤ n d , 1 ≤ j ≤ Nd .

k=1



Denote the covariance function of the two groups as G d x, x  . The sample size ratio
is denoted by r = n 1 /n 2 with limn 1 →∞ r = r > 0. We next state the construction of
the SCB of m 1 (·) − m 2 (·).
Let m d (·) be the spline estimator of the mean function from population d, by Eq. (5).
Denote a standardized Gaussian process by ζ12 (x)
 , x ∈ [0, 1] with Eζ12 (x) = 0,
2 (x) = 1 and covariance function Eζ (x) ζ
Eζ12
12
12 x




G 1 x, x  + r G 2 x, x 
{G 1 (x, x) + r G 2 (x, x)}1/2 {G 1 (x  , x  ) + r G 2 (x  , x  )}1/2

, x, x  ∈ [0, 1].
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Denote by Q 12,1−α the (1 − α)th quantile of the absolute maxima deviation of
ζ12 (x) , x ∈ [0, 1]. The proof of the next theorem is analogous to that of Theorem 2.
Theorem 3 If Assumptions (A1)–(A6) are modified for each group accordingly, then
for any α ∈ (0, 1), as n 1 → ∞,


1/2
n 1 |(m 1 − m 2 − m 1 + m 2 ) (x)|
P sup
≤ Q 12,1−α → 1 − α.
{(G 1 + r G 2 ) (x, x)}1/2
x∈[0,1]
The 100 (1 − α) % SCB of m 1 (·) − m 2 (·) is obtained immediately.
Corollary 2 If Assumptions (A1)–(A6) are modified for each group accordingly, then
for any α ∈ (0, 1), as n 1 → ∞, the 100 (1 − α) % SCB for m 1 (·) − m 2 (·) is
−1/2

(m 1 (·) − m 2 (·)) ± n 1

Q 12,1−α




1/2
G 1 + r G 2 (x, x)
.

The p value can be computed for testing null hypothesis H0 : m (·) ≡ m 0 (·),
where m 0 (·) is a given function on [0, 1] such as 0 or a constant c or a piecewise
constant function. It is the largest α for which the 100 (1 − α) % SCB of m (·) covers
the function m 0 (·) over the entire interval [0, 1]. For details, see (18) at the end of
Sect. 3. The p value of testing H0 : m 1 (·) − m 2 (·) ≡ m 12,0 (·) is computed likewise.

3 Implementation
This section describes the procedure of constructing the SCB introduced in Corollary
1.
3.1 Selecting the number of knots
The number of knots is a crucial hyperparameter since it controls the bias and variance
of the B-spline estimator. It is, however, unclear how to optimize since the asymptotics
for SCB does not explicitly depend on the number of knots. Following Remark 1, one
setting that meets the Assumptions (A1)–(A6) can be the cubic spline with the number
of knots Js = [cN 3/8 log log N ], in which c is a tuning parameter. In simulation
studies, c = 0.8 seems to be a reasonable choice, which is therefore adopted in the
following simulation and real data study.
3.2 FPC analysis
for each subject
Once the number of knots is determined, the trajectory

 {ηi (·)}1≤i≤n
and population mean m (·) are estimated from dataset Yi j , j/N 1≤i≤n, 1≤ j≤N by (4)
and (5). The eigenvalues and eigenfunctions for G (·, ·) are approximated as



ψk (·) ∈ S ( p−2) , ψk2 (x) dx = 1, λ1 ≥ λ2 ≥ · · · ≥ 0, k = 1, 2, . . . , Js + p
 
  

G x, x  ψk x  dx  = λk ψk (x) .
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Linear algebra shows that ψk and λk are well defined. Next, the number
κ of selected

l
 Js + p
Js + p
eigenvalues is κ = argmin1≤l≤Js + p
k=1 λk /
k=1 λk > 0.95 , where {λk }k=1
are the complete set of eigenvalues estimated from G (·, ·), which are nonnegative since
the integral operator defined by the bivariate function G (·, ·) is clearly nonnegative
definite.
3.3 Estimating the percentile
Finally, one needs to determine the quantile Q 1−α defined in Sect. 2 to construct SCB.
To obtain an estimate of Q 1−α , b M replications are made. For each b = 1, . . . , b M , a
standardized Gaussian process ζb (·) is simulated by
ζb (x) = G (x, x)−1/2

κ
k=1

Z k,b φk (x) , x ∈ [0, 1]

(17)

where φk = λk ψk , Z k,b are i.i.d. standard normal variables and the default value of
b Mis 1000. Then,
 the quantile Q 1−α is estimated by the empirical (1 − α)th quantile
of supx ζb (x) 1≤b≤b . Then, the SCB for m (·) is
M

m(x) ± n −1/2 G (x, x)1/2 Q 1−α , x ∈ [0, 1].
Correspondingly, one computes the p value against the null hypothesis H0 : m (·) ≡
m 0 (·) as

b−1
M



bM

|m ( j/N ) − m 0 ( j/N )|
1/2
I n
max
≤ max ζb ( j/N ) ,
1≤ j≤N
1≤ j≤N
G 1/2 ( j/N , j/N )
b=1

(18)

in which I {·} denotes the indicator function.

4 Simulation
In this section, simulation is conducted to demonstrate the asymptotic correctness of
the proposed SCB.
The simulation data are generated from the model

Yi j = m ( j/N ) +

∞
k=1

ξik φk ( j/N ) + σi ( j/N ) εi j , 1 ≤ j ≤ N , 1 ≤ i ≤ n,
(19)
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√
where φk (x) = (0.5)k 2 cos (2kπ x) , k ∈ N+ , and for one realized sequence
r (k) , k ∈ N+ of integers randomly selected from {1, 2, 3, 4}
⎧
⎪
⎪
⎪
⎨

N (0,
r (k) = 1,
√ 1)
t(10)
r (k) = 2,
 /√ 1.25
√ 
ξik ∼
, k ∈ N+ , 1 ≤ i ≤ n,
U
−
3,
3
r (k) = 3,
⎪
⎪
⎪
⎩
DU (−1, 1) r (k) = 4,

(20)

in which DU (−1, 1) denotes the discrete distribution with probability mass 1/2 at
−1 and 1. In this study, the number of FPC scores is truncated at 20 with realized
sequence {r (k)}1≤k≤20 as 3, 2, 4, 4, 3, 1, 1, 4, 3, 1, 3, 4, 2, 2, 3, 3, 3, 2, 4, 4 in order.
Notice that each of the four candidate distributions for ξik in (20) satisfies Assumption
(A5’) and thus also Assumption (A5). The standard deviation functions are σi (x) =
0.05 + (x − 0.5)2 (1 + i/1000) and mean function m (·) of three forms

m 1 (x) = 10 + sin {2π (x − 1/2)} ,
m 2 (x) = x,
m 3 (x) = sin {7π (x − 0.5)} {7π (x − 0.5)}−1 ,

(21)

with m 3 (·) being the most complicated and m 2 (·) the simplest.
The error term εi j follows one of two MA(∞) equations: For i = 1,
√ . . . , n/2,
∞
εi j = t=0 a1t ζi, j−t where ζi, j are i.i.d. standardized distribution t(10) / 1.25 ranfor 0 ≤ t ≤ 99 and a1t = 0 for all t ≥ 100.
dom variables, a1t = 2−(t+1)/2 
For i = n/2 + 1, . . . , n, εi j = ∞
t=0 a2t ζi, j−t with ζi, j ’s following i.i.d. N (0, 1),
a2t = 0.9(t+1)/2 /9 for 0 ≤ t ≤ 99 and a2t = 0 for all t ≥ 100.
The number of measurements per subject, N , is set to be 80, 150, 300, and 500. For
each N , the number of subjects n is n = [N 0.8 log1/2 (N )] , and for each setting, 2000
replications are taken. The number of knots for splines estimator for mean function is
Js = [c × N γ log log N ], in which c = 0.8, γ = 3/8 in this study. Figures 1, 2, and
3 show the 95% SCB as dot and dash lines, and pointwise confidence band (PCB) as
dotted lines for the three mean functions in (21) of model (19).
Tables 1, 2, and 3 show the empirical frequency of m (·) being entirely contained
in the SCB and pointwise confidence band (PCB) over points { j/N , 1 ≤ j ≤ N } for
different choices of m (·) in (21). One sees from Table 3 that the coverage frequency
for m 3 (·) is poor with smaller N , owing to its complicated curvature (see Fig. 3).
Overall, the coverage frequency of SCB converges to the nominal confidence level as
N increases, while PCB clearly fails. As expected, the width of SCB is larger than
PCB due to its simultaneous coverage. With measurement times N becoming larger,
both SCB and PCB become narrower and the estimated mean function closer to the
true curve.
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Fig. 1 The SCBs (dots and dash) and pointwise confidence band (dotted) for the mean function m 1 (·)
(solid)

Fig. 2 The SCBs (dots and dash) and pointwise confidence band (dotted) for the mean function m 2 (·)
(solid)
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Fig. 3 The SCBs (dots and dash) and pointwise confidence band (dotted) for the mean function m 3 (·)
(solid)
Table 1 Coverage frequencies from 2000 replications with m(x) = m 1 (x)
Coverage frequency

SCB/PCB

N

α = 0.01

α = 0.05

α = 0.1

α = 0.2

80

0.9760/0.9340

0.9120/0.7810

0.8360/0.6380

0.7260/0.4360

150

0.9805/0.9340

0.9360/0.7840

0.8795/0.6405

0.7805/0.4220

300

0.9820/0.9445

0.9320/0.7730

0.8745/0.6405

0.7700/0.4305

500

0.9850/0.9460

0.9390/0.7845

0.8820/0.6475

0.7685/0.4130

Table 2 Coverage frequencies from 2000 replications with m(x) = m 2 (x)
Coverage frequency

SCB/PCB

N

α = 0.01

α = 0.05

α = 0.1

α = 0.2

80

0.9730/0.9405

0.9150/0.7830

0.8505/0.6510

0.7315/0.4415

150

0.9860/0.9500

0.9460/0.7850

0.8800/0.6415

0.7670/0.4200

300

0.9890/0.9425

0.9415/0.8060

0.8890/0.6570

0.7780/0.4600

500

0.9940/0.9475

0.9510/0.7895

0.8985/0.6630

0.7890/0.4280
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Table 3 Coverage frequencies from 2000 replications with m (x) = m 3 (x)
Coverage frequency

SCB/PCB

N

α = 0.01

α = 0.05

α = 0.1

80

0.6265/0.4010

0.3100/0.0635

0.1495/0.0010

0.0165/0.0000

150

0.9685/0.9095

0.8860/0.7170

0.8080/0.5470

0.6690/0.3100

300

0.9790/0.9405

0.9265/0.7865

0.8570/0.6325

0.7485/0.4025

500

0.9845/0.9480

0.9430/0.8000

0.8730/0.6490

0.7690/0.4270

α = 0.2

Table 4 Coverage frequencies for different choices of c
Coverage frequency

α = 0.05

N

c = 0.4

α = 0.01
c = 0.6

c = 0.8

c=1

c = 0.4

c = 0.6

c = 0.8

c=1

80

0.8870

0.9195

0.9175

0.9280

0.9705

0.9765

0.9795

0.9830

150

0.9090

0.9180

0.9260

0.9275

0.9780

0.9775

0.9835

0.9790

300

0.9275

0.9360

0.9310

0.9340

0.9825

0.9860

0.9845

0.9840

500

0.9355

0.9360

0.9325

0.9340

0.9855

0.9850

0.9850

0.9840

Table 5 Coverage frequencies for different choices of γ withm(x) = m 1 (x)
Coverage frequency

α = 0.05

N

γ = 5/16

α = 0.01
γ = 3/8

γ = 7/16

γ = 5/16

γ = 3/8

γ = 7/16

80

0.9190

0.9175

0.9350

0.9800

0.9825

0.9840

150

0.9145

0.9300

0.9240

0.9770

0.9850

0.9825

300

0.9410

0.9405

0.9415

0.9865

0.9850

0.9860

500

0.9350

0.9345

0.9385

0.9880

0.9885

0.9870

4.1 Robustness analysis
To inspect the effect of hyperparameters choice, different c and γ are selected for
comparison for the estimation of m 1 (·). The c is chosen to be 0.4, 0.6, 0.8, 1 for fixed
γ = 3/8 and for fixed c = 0.8, γ is set to be 5/16, 3/8 and 7/16, respectively. The
result of the empirical coverage frequency under each setting is displayed in Tables 4
and 5. The tables show no significant difference among various combinations of c and
γ , indicating rather stable performance of the proposed methods.
Since the construction of SCB requires the estimation of covariance function G (·, ·)
first, its effect on the coverage frequency of SCB is studied. While keeping γ =
3/8, c = 0.8, G (·, ·) and φk (·) in Eq. (17) are substituted by the true functions G (·, ·)
and φk (·) to obtain an oracle SCB. For m (·) = m 3 (·) , the coverage frequency of the
oracle SCB is compared with the data-driven one in Table 6. The results show that the
coverage frequency of the oracle SCB is marginally better, but practically negligible
in an asymptotic sense.
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Table 6 Comparison of SCB and oracle SCB coverage frequencies with m(x) = m 3 (x)
Coverage frequency

SCB/Oracle SCB

N

α = 0.01

α = 0.05

α = 0.1

80

0.6265/0.7525

0.3100/0.4545

0.1495/0.2790

0.0165/0.0885

150

0.9685/0.9805

0.8860/0.9235

0.8080/0.8645

0.6690/0.7400

α = 0.2

300

0.9790/0.9855

0.9265/0.9455

0.8570/0.8900

0.7485/0.7710

500

0.9845/0.9875

0.9430/0.9565

0.8730/0.9070

0.7690/0.8025

5 Real data analysis
In this section, the proposed SCB is constructed for an ERP datum in various contexts
as illustrations, with the observation that residuals between raw data and smooth
trajectories point to dependent errors.
The dataset consists of EEG signal collected from 30 individuals. The data was
collected by research group of Prof. Fei Wang at Department of Psychology, Tsinghua
University. The research goal was to investigate via ERP approach the physiological mechanism with respect to the contradictory information processing. During the
experiment, each participant was presented 4 pairs of words, which were designed to
represent dialectical-self, dialectical-nonself, nondialectical-self and nondialecticalnonself situation, respectively. The participants were asked to react according to the
presented words while their EEG signals were recorded at 500 HZ sampling rate, in
64 locations of the brain, which were further clustered into 5 geographical regions.
Recording of the ERP started at the exact time when a stimulus was applied (i.e.,
different pairs of words) and lasted for 1 second, thus the number of measurements
per subject N = 500. In the following, four pairs of words are denoted as stimulus 1, 2, 3, and 4, the ERP recordings during 80–180 ms, 250–350 ms, 350–500 ms
after the stimulus was applied are referred to as the N1, N2, and N450 components,
respectively.
One interesting question in psychology is whether different stimuli produce significantly different ERPs? And if so, for which components and over which areas?
Since dialectical thinking is believed to be associated with processing of conflicting
information (Peng and Nisbett 1999), answering these questions helps to understand
the neural basis of contradiction processing.
To save space, only data from the parietal area of brain are analyzed. Two comparisons are made among the stimuli: the first on the N450 component, which is
considered related to conflict processing (Szűcs and Solté sz 2012); the second one
consisting of multiple comparisons, with components N1, N2, and N450 compared
simultaneously. The ERP series from two subjects are found to be outliers by their
large deviance from the population and thus removed. The raw ERP of the resting
28 subjects under four stimuli are shown in Fig. 4 to be noisy, with some common
patterns. And B-spline trajectories for them are shown in Fig. 5, much less noisy, while
retaining main patterns of the raw data. All analyses in this section are based on these
28 subjects (i.e., n = 28).
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Fig. 4 Plots of the ERP data at the parietal area under four stimuli with two outliers removed. Subjects’
EEG signal are represented by dotted lines and the solid lines are mean voltage across the subjects

A paired SCB can be constructed for the mean function difference of the ERP data
under different stimuli. Let Yik (·) denote the ith subject’s ERP series under stimulus
k. For two stimuli k and k  , denote the difference series Di,kk  (·) as
Di,kk  (·) = Yik (·) − Yik  (·) .


For trajectories Di,kk  (·) i≥1 , SCB of its mean function m kk  (·) ≡ EDi,kk  (·) can
be constructed following the procedure in Sect. 3. To test if certain components under
stimuli k, k  are the same, the null hypothesis is
m kk  (x) ≡ 0, x ∈ Λ,
where Λ denotes the time periods corresponding to components compared.
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Fig. 5 Plots of the smoothing ERP trajectories at the parietal area under four stimuli with two outliers
removed. The B-spline estimating trajectories are represented by thin solid lines and the bold solid lines
are mean function estimated by B-spline basis

Table 7 The p value of testing the N450 difference between stimuli by proposed SCB
Stimuli

1 versus 2

1 versus 3

1 versus 4

2 versus 3

2 versus 4

3 versus 4

p value

< 0.001

0.462

0.901

< 0.001

< 0.001

0.572

Table 7 contains p values of the N450 comparison test computed from (18) based
on the paired SCB. It shows that the N450 component of stimulus 2 is significantly
different from the other three stimuli, while the no-difference hypothesis is retained
for stimuli 1, 3, and 4. As Fig. 4 shows, the averaged voltage (solid line) of N450
component (which is around 0.4 on the time axis after rescale) under stimulus 2 is
closest to 0, distinguishing it from the other three stimuli.
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95% SCB of difference mean, stimuli 1 and 2
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Fig. 6 Plots of the SCB of the mean function (left) and the difference under different stimuli (right). Period
between two dashed lines is N450 component
Table 8 The p value of testing the N450 difference between stimuli by paired t test
Stimuli

1 versus 2 1 versus 3 1 versus 4 2 versus 3 2 versus 4 3 versus 4

p value from taking the average

0.002

p value from taking the maximum < 0.001

0.398

0.796

< 0.001

< 0.001

0.497

0.500

0.526

< 0.001

0.003

0.192

The N450 comparison between stimuli 1 and 2 are looked at in more details to
understand more intuitively how the paired SCB works. Figure 6 shows the 95% SCB
for the mean functions under stimuli 1 and 2, respectively, and the paired SCB of their
difference. The estimated mean function of stimulus 1 is about − 1.25 at N450 component (between two dashed lines) while stimulus 2 has estimated mean function around
− 0.5 for N450, which is consistent with the plot of the averaged voltage in Fig. 4.
While the two SCBs do overlap, the paired SCB of mean difference is constructed to
determine whether these N450 components are the same. As Fig. 6 shows, the paired
SCB is nearly completely negative in N450 component and the computed p value is
smaller than 0.001 , resulting its failure to cover the constant 0 at both confidence level
95% and 99.9%. It is thus concluded that the N450 component of stimulus 1 has a
significantly lower value than stimulus 2. This observed phenomenon can be explained
through the neurological mechanism represented by N450 and different stimuli.
To compare our paired SCB with the existing literature, as introduced in Sect. 1, two
other approaches are taken to compute p values against the null hypothesis that there
is no N450 difference between two stimuli. Paired t test for two stimuli is performed
based on average and maximum value of N450 component, respectively. These t test
results are summarized in Table 8, which closely resemble Table 7.
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Fig. 7 SCB for mean difference
function between stimuli 1 and
4. The N1 component is between
the first two dashed lines, while
the N2 and N450 components
are between the second two
dashed lines

11% SCB of difference mean, stimuli 1 and 4, multiple comparison
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Fig. 8 One subject’s residuals’ ACF plot under 4 stimuli

The SCB allows to test several components simultaneously, which avoids multiple
comparison problem (Miller 1981). Figure 7 shows the 11% SCB of mean difference
between stimuli 1 and 4. The periods between two dashed lines are N1, N2, and
N450 components. As one can see, the SCB covers entirely the horizontal zero line
over the time periods of the three components, hence the p value = 0.89 against the
null hypothesis of no difference for components N1, N2, and N450. Once the mean
difference SCB is constructed, any combination of the components can be tested,
which provides more advanced and flexible tool of multiple testing.
To visualize the temporal dependence in error, sample autocorrelation function
(ACF) of one subject’s residual series is depicted in Fig. 8. A slowly decaying dependence is clearly seen, in violation of the independence error assumption of Cao et al.
(2012), which is the theoretical motivation of this paper.
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6 Conclusion
In this paper, B-spline estimator and SCB are proposed for the mean of functional
data contaminated with serially dependent measurement errors. Oracle efficiency is
rigorously established for the B-spline mean estimator and the SCB, backed by simulation evidence. As the ERP data are a representative example of functional data with
temporally dependent errors, the proposed SCB is used to analyze a small set of real
ERP data. Outcomes from the real data analytics constitute interesting discovery.
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